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1. Introduction

Surface wave breaking plays an important role in numerous
environmental and technical processes such as air-sea interaction,
acoustic underwater communications, optical properties of the wa-
ter column, nearshore mixing and coastal morphodynamics. Wave
breaking is a highly dissipative process, limiting the maximum
height of surface waves. It is also a source of turbulence, enhanc-
ing transport and mixing in the ocean surface layer (Banner and
Peregrine, 1993; Melville, 1996; Duncan, 2001; Perlin et al., 2013).

Although large-eddy simulations (LES) combined with the
volume-of-fluid (VOF) method for free-surface tracking (Watanabe
et al., 2005; Derakhti and Kirby, 2014; 2016) can resolve turbu-
lence and mean flow dynamics in breaking waves quite well, they
are computationally expensive even for laboratory-scale events. A
lower-resolution framework is needed to study long-term, O(days),
and large-scale, ©(100 m ~ 10km), wave-breaking-driven circula-
tion as well as transport of sediment, bubbles, and other sus-
pended materials. Computationally efficient Boussinesq-type mod-
els (e.g., Wei et al., 1995; Shi et al,, 2012) can often yield accept-
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able predictions of surface elevations and depth-averaged currents
in the nearshore region. Such single layer models, however, can-
not provide the vertical structure of mean flow or information on
instantaneous motion over rapidly-varying bathymetry or current
fields, and thus recourse must be made to models which either
provide estimates of vertical structures through closure hypothe-
ses (Kim et al., 2009) or which utilize a three-dimensional (3D)
framework from the outset.

During the past two decades, several multi-layered wave-
resolving non-hydrostatic models based on Reynolds-averaged
Navier-Stokes (RANS) equations, such as Stansby and Zhou (1998),
Lin and Li (2002), Bradford (2011) and Ma et al. (2012), have
been developed for coastal applications using surface- and terrain-
following curvilinear (x, y, o) coordinates, hereafter referred as the
o-coordinate system. In comparison with VOF-based models, a di-
rect simplification of this new framework is achieved by assuming
the free surface to be a single-valued function of horizontal loca-
tion. By using a o-coordinate system, the free surface is always
located at an upper computational boundary, determined by apply-
ing free-surface boundary conditions. Using a Keller-box scheme, a
pressure boundary condition at the free surface can thus be accu-
rately prescribed, and dispersion characteristics of short waves are
typically predicted accurately using a few vertical o-levels.
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However, the effects of surface and bottom slopes in the dy-
namic boundary conditions at the top and bottom interfaces, e.g.,
the continuity of the tangential surface stress, have been ignored
in most of the previous non-hydrostatic studies using a terrain-
following grid, following the previous practice in large-scale ocean
circulation models. In the absence of surface wind stress, the sim-
plified tangential stress boundary condition at the free surface de-
veloped by ignoring all contributions except vertical shear in the
transformation of tangential stress, reads as (Lin and Li (2002,
equation 41), Bradford (2011, equation 22) and Ma et al. (2012,
equation 36))

du; 1 dy;
L 0, (1)
dz Do

where i = 1,2 and u; is the horizontal velocity component in the i
direction. In intermediate and deep water, we have

Ju ow ugfou ow £C

= 9z dx = E ~ Sfo (2)

0z ox

where wy is the vorticity component in the y direction, Ly and ug
are the length and velocity scales respectively, for both the hori-
zontal and vertical directions. Here, cg and fy are the wave’s phase
speed and frequency respectively, € = ag/Lg is the wave steepness,
and ag is the wave amplitude. Thus, imposing (1) generates error
in wave vorticity divided by wave frequency to O(¢), the order of
the motion itself. In other words, imposing (1) at the free surface
acts as an unphysical local source of vorticity of strength dw/dx
which in turn generates an unphysical near-surface residual circu-
lation.

In breaking waves, the surface slopes are large, O(1), and
du;/do # 0 in a bore-like region, and thus using (1) provides a
poor estimation of the associated near-surface velocity gradient
and turbulence production. Another simplification in some of the
existing non-hydrostatic RANS models using the o-coordinate sys-
tem is the neglect of the effects of surface and bottom slopes in
the horizontal diffusion terms (Stansby and Zhou, 1998).

Our goals here are (1) to derive consistent surface and bottom
dynamic boundary conditions for the normal and tangential stress
fields and (2) to carefully examine the role of surface slopes in
the predicted near-surface velocity and turbulence fields in sur-
face gravity waves. We compare the velocity field in a deep-water
standing wave in a closed basin predicted by the new version of
the non-hydrostatic model NHWAVE with that predicted by a pre-
vious version of the model (Ma et al., 2012) (hereafter referred to
as the original model), showing that the consistent boundary con-
ditions do not generate unphysical vorticity at the free surface, in
contrast to commonly used, simplified stress boundary conditions
developed by ignoring all contributions except vertical shear in the
transformation of stress terms. In addition, it is shown that the
consistent boundary conditions significantly improve the predicted
wave shape and wave heights as well as velocity and turbulence
fields in regular surf zone breaking waves, compared with the sim-
plified case.

The paper is organized as follows. In Section 2, we present the
governing equations, in conservative form, describing a complete
form of the RANS equations in the o-coordinate system together
with various turbulence closure models. In Section 3, we derive
the consistent surface and bottom dynamic boundary conditions
for the velocity and dynamic pressure fields, using the appropriate
dynamic boundary conditions on normal and tangential stresses at
the top and bottom interfaces as well as a Neumann-type bound-
ary condition for scalar fluxes. In Section 4, we examine the role of
surface slopes in the near-surface velocity and turbulence fields in
surface gravity waves. Wave-breaking-induced eddy viscosity and
its effect on the wave height distribution in the surf zone are dis-
cussed in Section 5. Conclusions are given in Section 6. A more

extensive model-data comparison of various breaking wave prop-
erties in different types of surface breaking waves is presented in
companion papers (Derakhti et al., 2016a,b).

2. Governing equations in conservative form

Here, the complete and conservative form of the RANS equa-
tions and the scalar transport equation in the o-coordinate sys-
tem are presented. Further, different turbulence models includ-
ing the standard k — € (Rodi, 1980) and the renormalization group
(RNG) approach by Yakhot et al. (1992), are presented. The surface
and bottom boundary conditions will be derived in the next sec-
tion. Details of the numerical method may be found in Ma et al.
(2012) and Derakhti et al. (2015).

2.1. Continuity and momentum equations

Assuming a uniform density field, the RANS equations in Carte-
sian coordinates (xj,x3,x%), where xj =x*x; =y* and xj =z*
reads as

au]‘

0x* =0 (3)
j

ou;  ouu; 1 0.%;
: = — L+ gibi, (4)

at* 8x7 00 ij.

where (i, j) = 1, 2, 3, u is the ensemble-averaged velocity, pg is the
reference water density, g = (0,0, —g) is the gravitational acceler-
ation, § is the Kronecker delta function, .#}; = I1;; — 7;; is the to-
tal ensemble-averaged stress tensor, IT;; is the ensemble-averaged
fluid stress and 7; is the Reynolds stress. For an incompress-
ible fluid, the net ensemble-averaged fluid stress, composed of
the pressure contribution p plus the viscous stress o, is defined
by I1;j = —pd;j + 0jj. In a Newtonian fluid, we may assume that
ojj = 2jue;j, where e;; = 1/2(8ui/8x}f + du;j/0x¥) is the strain rate
tensor and w is the dynamic viscosity. Although there is no uni-
versal model for 7, even in the case of a single-phase flow, we
use the common eddy viscosity approach to relate the anisotropic
part of the Reynolds stress, ti‘]?e", to the rate of strain, e; as t,.‘j.e'/ =

Tij — ?rkk = —2po (1) je;;. Here, (vy); is the turbulent eddy viscos-
ity in the j direction (j is not a free index here), obtained from an
appropriate turbulence model. If grid resolution in the horizontal
directions is considerably different from that in the vertical direc-
tion, the horizontal turbulent eddy viscosity (v¢)x = (v¢)y may be
different from that in the vertical direction (v¢),.

The governing Egs. (3) and (4) are next transformed into the
o-coordinate system (see Fig. 1), which is given by

. z*+h

y=y o= D (5)

t=t" x=x"

where D = h + n is the total water depth, h is the still water depth,
and 7 is a free surface elevation. In the case of a multi-valued
surface, however, the definition of a free surface elevation is ar-
bitrary, and, we assume 7 is sufficiently smooth to be considered
as a single-valued mean air-water interface.

Each term of (3) and (4) is transformed into the o-coordinate
system by multiplying by D and using chain differentiation rule
as

p2 Vs ¥
J

8x}f ) do

Dy.
8Xj J
DY dox:Dyr

=%, Mt e (6)
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Fig. 1. Illustration of o -coordinate transformation. The irregular physical domain in
the (x*, y*, z*, t*) space is transformed to a rectangular computational domain in
the (x, y, o, t) space by an algebraic mapping. Here, only the mapping in the (x*,
z*)-plane is shown. In both the y*- and y-direction, the grid is uniform and is not
plotted.

where A;=1-243;, 9()/0t* = (), 8()/8xj = ()x}f; hereafter
summation inside expressions involving A; is not implied. Multi-
plying (3) by D and using (6), the continuity equation in the o
coordinates can be written as

aD  aU; 082

W—i-a—xi)»,-—i—%:o (7)
where

U; = Du;,

Q- D(at* n ax;u,) — Do + 0y Uj. (8)

Multiplying (4) by D and using (6), after doing some alge-
bra, the complete and conservative well-balanced form of the
ensemble-averaged momentum equation in the o-coordinate sys-
tem reads as

U 3 au;2/D

1(.0p" .
s {Da—xl |(7=l — po&nhy, }Ai (barotropic pressure terms)

1 (02 dox, 7 d . §
_E{Txl i+t } (dynamic pressure terms)
92 & 0 205 (Veff) j&ij
L 020erp)iciy, - OOVl Gitfusion terms), (9)
8Xj do

where (Vegp)n =V + (V)n, n=1,2,3, and

1 2
7 = D(Pd + §Tkk) = D(Pd + §,00’<>
1 [ 9U; au; 0
j{aij)\j-l-aixi)»,‘-l-%(O'x;Ui%—O'x;Uj)]. (10)
where k is the ensemble-averaged turbulent kinetic energy. Here,
the total pressure is divided into the dynamic pressure p? = p — p,
and the hydrostatic pressure given by dp"/do = —Dpg g. Thus p" =

po gD(1—0) + pa and p”l
pressure at the free surfacg.iNote that the dynamic pressure and
diffusion terms in (9) and (10) are given in a conservative form as
opposed to those given in the existing comparable formulations,
such as Lin and Li (2002, equations 14-16,19) and Ma et al. (2012,
equations 6,9,10).

@@ij = Deij =

= pq, Where p, is the imposed air

2.2. Scalar transport equation

Following the same procedure as we did for the transformation
of the momentum equation, the conservative form of the scalar
transport equation in the o -coordinate system can be written as

¢ a(gU]‘/D 0
ij@j aUx;Vj@j
R L (11)

where v, = v + (vt/o<c>)n, 0 () is the corresponding Schmidt num-
ber, ¢ =D(c), and Z; = (3€/0x;); + 80,(7‘6’/80. Here, T, rep-
resents the associated source/sink terms for (c), and w. is a set-
tling or rising velocity of (c), equal to zero for a neutrally buoyant
quantity. For the case of negligibly small surface and bottom slopes
(Vyph and Vyn ~ 0), Eq. (11) simplifies to the expression given in
Ma et al. (2013, 2014).

2.3. Turbulence model

An appropriate turbulence model is needed to estimate v;
as well as to provide the bulk turbulence statistics such as the
ensemble-averaged turbulent kinetic energy and dissipation rate.
In many numerical approaches, depending on the grid size in the
vertical and horizontal directions, the corresponding eddy viscos-
ity for the vertical direction, v/ = (v¢)3, and horizontal directions,
v["' = (V¢)12, may not be of the same order. Here, we assume the
more physically reasonable formulation v = v} = vth.

The Smagorinsky subgrid and k — € models are commonly used
turbulence models, depending on the grid resolution. The constant

Smagorinsky model reads as v; = (°S§)2 24;j6;j, where A is the
length scale on the order of the grid size, and ¢s ~ 0.1 — 0.2 is the
only input parameter. Having relatively larger grid sizes, which is
usually the case in non-hydrostatic modeling using a few vertical
o-levels, a k — € turbulence model is more appropriate to estimat-
ing v; as below

k? K2
Ve = C/l.? = C/thén
where ¢, (Rodi, 1980) is an empirical coefficient, k is the
ensemble-averaged turbulent kinetic energy, and € is the
ensemble-averaged turbulent dissipation rate. Transport equations
for K = Dk and & = De need to be solved. The transport equation
for £ and £ can be simply obtained by replacing ¢ in (11) by £
and & respectively, where

(12)

DI'y =Ps — &, DT'e = %[Clsps - C2£5]‘ (13)

In the standard k—e model (Rodi, 1980), we have ¢, =
0.09, c1g = 1.44, ¢3¢ = 1.92, o = 1.0 and o¢ = 1.3. Using the RNG
approach with scale expansions for the Reynolds stress and pro-
duction of dissipation terms, Yakhot et al. (1992) derived a dy-
namic procedure to determine cy¢ as

cug?(1-¢/4.38)

1+0.012¢3 °
where ¢ = %, /2863 is the ratio of the turbulent and mean strain
time scales. The rest of the closure coefficients are given by ¢, =

0.085, c1¢ = 1.42, and ox = o¢ = 0.72. Finally, the rate of shear
production P is given by

; BO’X;Ui
Ps = —Tij 87)(]')\'].—’_870' s

where the Reynolds stress t; may be estimated using a linear

Cre = 1.68 + (]4)
(15)

model given by t;; = %‘L’kk —2po(ve)je;; or a nonlinear model as
in Ma et al. (2013).
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3. Surface and bottom boundary conditions

The free surface and the bottom may be expressed as F = z* —
& =0 where & =1 at the free surface (o0 = 1), and & = —h at the
bottom (o = 0). We define the local coordmate system (X, X5, Xj3).
such that xj is the vector normal to the surface oriented in the +z*

sense, F = 0, given by

VF 1
X3 = T ( Evi o —Ex . 1) = E(_éx, =& . 1), (16)
where A = |F| = ,/1+ &2+ £Z. The other two unit vectors can be

any orthogonal pair of vectors (X] - Xj = 0) in the plane tangent to
the F = 0 surface. Here, we choose

B=V1+Ex2

= 5 (EE . 148 &) (17)

The transformation of any vector, ¢, in the Cartesian coordi-
nates into the local coordinates, ¢’, on F = 0 is given by

1
=5(1.0. &),

/ / /
X, = X5 x X]

l —éx";:y —Ex
B AB A
2 _
¢; = Cijpi. C=|o0 L& =] (18)
& & 1
B 4B A

where C;; is the cosine of the angle between the x*; and x’; axes. In
addition, the transformation of any tensor in Cartesian coordinates
into the local coordinates on F = 0 is given by

©mn = CimCin@ij. (19)

3.1. Kinematic boundary conditions

Assuming no mass flux at the interface, a particle initially on
the interface will remain on the interface in which we can write
DF/Dt* = 0F/0t* + ujBF/Bx}f = 0. Thus, the kinematic surface and
bottom boundary conditions in the o coordinates are simply writ-
ten as

w , (20)

0=0,1

= Dgt + ng

0=0,1

+&V
1

o=0,

where £ =1 at the free surface (0 =1), and & = —d at the bot-

tom (o =0). Because op+| _ o, = -&/D, Ot |yooq = —&¢/D, and
Oxs |a:0.l = —&y/D, we have
Q = Do + O'x}f UJ =0
0=0,1 0=0,1 0=0,1 o=0,1
09 _ _&ou| _gav) 1w
80 0=0,1 B D aU 0=0,1 D 80 0=0,1 D 80 0=0,1 N ’
(21)

Thus in the o coordinates, the surface and bottom vertical ve-
locity as well as vertical acceleration are always zero.

3.2. Tangential stress boundary conditions
Using (19), the transformed total stress on F = 0 is given by

7 ; (22)

0=0,1

i

&, & 1

where .%;; = .7P§;; + 5/”’ is the total stress including the pressure,
SP = (p +2/D), and viscous  stress .7 = 2pg (Vesf) (/D)
contributions.

If the state of stress in the external media is available, the con-
tinuity of the tangential stress on F = 0 reads as

/ ext

‘73/i|a:01 i |a:o,1’ (23)

where i = (1,2), and 5/’3’1.8’“’0:01 is the external stress on F =0
in the i direction, e.g., the wind stress parallel to the free surface
or the bottom shear stress. Here, () represent the local coordinate
system given by (16). However, if the external media is assumed to
be rigid, Ygim|a=o | is replaced by the estimated shear stress near
the rigid boundary,y as discussed below.

Multiplying (23) by D and using (22), and assuming the same
turbulent eddy viscosity in all directions on F = 0, we obtain

AD
—&[en - s ]+[1-E2 |63 — 612 + Exés|= et
il JH{t =86 —&lon +&em]=5 5 A
—éy[b@zz - é"33]+[1 —53,2]523 —Sx[fg’lz +§y!§13]=A7Df§Xt )
200Vess 0=0.1
(24)
where
]:EX[ _ B// ext
]_—zext _ sxé:yjélext_‘_ // ext. (25)

B

Rearranging (24), the condition of continuity of the tangential
stress on F = 0 finally gives
ou B D?
00 lo—01  ApPoVess

+ /% {zéx(u)x—[l—gxz] W)ty [U)y+ (V) (W)y | }

ow

ext -
X0 _
0=0,1 do

0=0,1

0=0,1
w _ D e g W
00 lo—01  ApPoVess o=01 00 lg—01
D
+ {26V~ [1-G] W6 VD W)+, W] }U=0 .
(26)
where
(Up)x = 3U;/dx — UDy/D = Daau,
(Uy)y = U;/dy — UDy/D = D%—l;. 27)

If we only consider the wind stress at the free surface, using
(22) we have

= %{(1 —ED T — %_xgyTWY}
= %{(1 _gyz)rw—sxéyrwx}, (28)

ext
]:1
o=

ext
F: 2

o=

where 7y and tyy are the wind stresses in the x and y direc-
tions, respectively. In the case of negligibly small wind speeds,
fleXt|(r=1 = ]_-2ext|0=] =0.

At the bottom, the external shear stress parallel to the bottom,
or bottom stress, can be estimated from the law of the wall as

’ /
t t
‘/?flex ~ Ioou* 7° /3/2@( ~ p()u* 7 (29)
o=0 U o=0 U
where U} = /U + V"2 orors2 is the magnitude of velocity paral-
= 1

lel to the bed at the first grid cell above the bed. Using (18), U’ and
V', the horizontal velocities (velocity times D) parallel to the bed,
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are given by

U =CjyUj = %(U - th>

o=Aoq/2

1
V/=C‘U»=—<—th+ 1+h2V—hW) . (30
2¥i = AB xity [ X] y o=Ad1/2 (30)

and u, is the friction velocity given by
U/

u, = L (31)

Dln(zb/zo>

where « = 0.41 is the Van Karman constant, and f < 1 repre-
sents the stratification effects in the bottom boundary layer. Here,
z, and zg are the distances from the bed at which the ensemble-
averaged velocities parallel to the bed are assumed to be U;/D and
zero respectively, depending on the boundary layer characteristics
as well as the roughness length-scale, ks. For a fully rough turbu-
lent boundary layer, it is typically assumed that zg = ks/30.

3.3. Normal stress boundary condition

If the state of stress in the external media is available, the con-
tinuity of the normal stress reads as

D7,

200V
_ {_ (Dp“ + ,@) + A;”( 2601 + 260 + 6

0=0,1
ext

+ 288610 — 28813 — 2%}!%3) }n=0,1 =D,

o=01
(32)

where the normal stress in the local coordinate, ,5”3/3 , is ob-

tained using (22). Rearranging (32), we have

ext
(e, )
0=0,1

- B 26 W) - (U]

/

K + -733
1

0=0,1 o=0,

+2§y[(w)y =& (V)y] - ng%—y[(u)y + (V)x] }0:0,1
(33)

ext
Neglecting viscous stresses in the air side, we have .7},

= —Da
o=1
on the free surface. The atmospheric pressure, pg, is absorbed in
the hydrostatic pressure. Thus, the Dirichlet-type boundary condi-

tion for the modified dynamic pressure reads as

_pOVeff’

2| = 2= {26 W)e—&U] + 26 W)y, (V))]

o=1 AZ

~268[ W)y + W] for. (34)

At the bottom, however, such a relation can not be applied
unless the bottom is a dynamically coupled layer. In the case of
a rigid bottom, using the vertical momentum equation we can
write

02 - D {aﬂ 4 owu/D n oWvV/D 3WQ/D}
Py e R T: ax 3y do .,
82(1}6”)]-(5’3]- 820X§(Veff)j<§73j
+D,00{ 8Xj )\,] + 9o }0:0.

(35)

Neglecting the Reynolds stress gradients at the bottom and us-
ing (21), a Neumann-type boundary condition for the modified dy-

namic pressure at the bottom reads as

{aﬂ L owup aWV/D}
at ox y Joo

07
do

=-Dpo

o=0

(36)

3.4. Neumann-type boundary condition for a scalar quantity

The Neumann boundary condition for a scalar quantity, (c), nor-
mal to the interface, F = 0, may be expressed as

8(6/) _ , (37)

0X; lo=01 0=0,1

where (f) represent the corresponding ensemble-averaged
0=0,1

=0, (37)is

0=0,
called a zero-gradient boundary condition for (c) on the interface,
commonly used for passive scalars such as salinity, the turbulent
kinetic energy, and dissipation rate. Multiplying (37) by D and us-
ing (16), we have

flux of (c) across the interface. In the case of (f)‘

a(c) a(c)
D =D(V{c Xh =D—-L Xp. = F .
aXé 0=0,1 ( < >) 0=0,1 3 axj 0=0,1 3 0=0,1
(38)
where = D(f) . Using (6), the Neumann-type bound-
o=0,1 0=0,1
ary condition for ¢ = D(c) normal to the interface on F = 0 can be
written as
0% D D? /. 0%¢/D 0% /D
ge 174+ - = - . 39
80' o=0,1 {A + A2 (Sx Bx +€y By )}(7:0,1 ( )

3.5. Boundary conditions for K and &

A zero-gradient boundary condition, .# = 0, is imposed for both
Kand € at 0 =1, and 0K/do and 0€/do at 0 =1 are estimated
using (39).

The Dirichlet-type boundary conditions for both £ and ¢ is
used near the bottom, given by

u? u3
Ky =D—-, & =D—= 40
b N b Xz (40)

where k is the Von Karman constant, z;, is the distance from the
bed, and u, is a friction velocity given by (31). Strictly speaking,
this is based on the mixing length assumption and the simpli-
fied k-equation (turbulence production equals to dissipation) for a
steady boundary layer.

4. The role of surface slopes in the near-surface velocity and
turbulence fields

In this section, model results for the time-averaged velocity
field in a deep-water standing wave in a closed basin as well as
the free surface evolution, velocity and turbulent kinetic energy in
surf zone regular spilling breaking waves are compared with those
predicted by the original version of NHWAVE (Ma et al., 2012)
and the corresponding measurements of Ting and Kirby (1994).
In the original model, the dynamic boundary conditions described
in the previous section have been simplified by the neglect of
the terms which include the surface or bottom slopes. Derakhti
et al. (2015) show that the new boundary conditions and numeri-
cal schemes are not rotationally biased in the (x, y) plane.
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Fig. 2. Spatial distribution of the long-time-averaged velocity field in a standing

wave in a closed basin. Comparison between NHWAVE results with 10 vertical o -
levels using the (a) consistent and (b) simplified boundary conditions.
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ing wave in a closed basin. Comparison between NHWAVE results with (circle sym-
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lines) consistent and (dashed lines) simplified boundary conditions.
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Fig. 4. Experimental layout of Ting and Kirby (1994). Vertical solid lines: the cross-
shore locations of the velocity measurements.

4.1. Standing wave in a closed basin

Using the simplified velocity boundary condition, e.g., du/do =
0, imposes an unphysical source of vorticity at the free surface in
the case of a non-zero horizontal gradient of the vertical velocity,
dw/dx # 0, generating an unphysical circulation pattern. A deep-
water standing wave in a closed basin, with length of L = 20 m and
depth of h =10 m, is selected to examine this effect. The initial
surface elevation is ng = acoskx, where k = 27 /L, a = 0.1m is the

Fig. 5. Cross-shore distribution of crest and trough elevations as well as mean wa-
ter level for the surf zone spilling breaking case of Ting and Kirby (1994). Compar-
ison between NHWAVE results with 10 vertical o-levels using the new model with
RNG-based k — € (solid lines), standard k — € (dotted-dashed lines), and the original
model (blue dashed lines) and the corresponding measurements of Ting and Kirby
(1994) (markers). Vertical dashed lines are the cross-shore locations of the results
shown in Fig. 6.
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Fig. 6. Phase-averaged free surface elevations for the surf zone spilling breaking
case at different cross-shore locations shown in Fig. 5. Definitions are the same as
in Fig. 5. Here, X = x — Xy, is the horizontal distance from the break point.
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Fig. 7. Snapshots of the turbulent kinetic energy, k(m?/s?), distribution for the surf zone spilling breaking case. Comparison between NHWAVE results with 10 vertical

o-levels using the (a —e) new model with RNG-based k — € and (A — E) original model.

amplitude of the standing wave and L is the wave length, equals
to the basin’s length. Since kh = 7, it is a relatively short wave.
Based on the linear dispersion relation, the wave period is equal
to T =3.59 s. A uniform grid spacing of 0.2 m in the horizontal
direction, and 10 constant o levels are used. The simulation time
is 36.0 s, about 10 wave periods. To calculate a long-time aver-
aged velocity field, the results are first interpolated onto an Eule-
rian grid of Az=0.1 m and Ax = 0.2 m, and then time averaging
is performed over 10 wave periods. Fig. 2 shows the existence of
an unphysical circulation pattern in the original model results us-
ing du/do = 0 boundary conditions. Using linear theory, it can be
shown that the magnitude of the instantaneous unphysical vortic-
ity at the free surface is proportional to (ka)T~!. In the deep wa-
ter regime, it then becomes ag~!T—3, and increases with increasing
wave height or decreasing wave period.

In addition, using the consistent boundary conditions, the po-
tential energy loss is decreased compared with the linearized ana-
lytical solution, especially at cases with a few vertical o-levels as
shown in Fig. 3.

4.2. Surf zone regular breaking waves

The surf zone regular spilling breaking case of Ting and Kirby
(1994) is selected here, to examine the role of surface slopes
on the prediction of free surface evolution as well as wave-
breaking-induced velocity and turbulence fields in the surf zone.

Fig. 4 sketches the experimental layout and the cross-shore lo-
cations of the available velocity measurements. This experiment
has been widely used by other researchers to validate both non-
hydrostatic models (Bradford, 2011; 2012; 2014; Smit et al., 2013;
Ma et al., 2014) and VOF-based RANS models (Lin and Liu, 1998;
Bradford, 2000; Ma et al., 2011).

A uniform grid of Ax =0.025 m is used in the horizontal di-
rection, and 10 o levels are used in the vertical direction. At the
left inflow boundary, the free surface location and velocities are
calculated using the theoretical relations for Cnoidal waves given
in Wiegel (1960). The numerical domain is extended beyond the
maximum run-up, and the wetting/drying cells are treated as de-
scribed in Ma et al. (2012, Section 3.4) by setting D,;, = 0.001 m.
In this section, () and () refer to phase and time averaging over
five subsequent waves after the results reach quasi-steady state, re-
spectively. The mean water depth is defined as D = h + 7, where h
is the still water depth and 77 is the wave set-down/set-up. As in
Ting and Kirby (1994), x = 0 is the cross-shore location in which
h =038 m, and X = x — x, is the horizontal distance from the ini-
tial break point, x;,. In Ting and Kirby (1994), the break point for
spilling breakers was defined as the location where air bubbles be-
gin to be entrained in the wave crest (x, = 6.40 m). In the model
the break point is taken to be the cross-shore location at which
the wave height starts to decrease.

Fig. 5 shows the cross-shore distribution of crest, (1)max, and
trough, (n)min, elevations as well as mean water level, 77 in the
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Fig. 8. Time-averaged normalized (a—d) turbulent kinetic energy, /k/gD, and

(A — D) horizontal velocity (undertow), E/\/gf, profiles at different cross-shore lo-
cations close to the initial break point (X = —0.46 m, 0.26 m) and in the inner surf
zone (X =2.71 m, 3.32 m). Comparison between NHWAVE results with 10 vertical
o-levels using the new model with RNG-based k — ¢ (solid lines), standard k — €
(dotted-dashed lines), and the original model (blue dashed lines) and the corre-
sponding measurements of Ting and Kirby (1994) (circle markers). Here, D = h + 7,
where h is the still water depth and 7 is the wave set-up/set-down.

shoaling, transition and inner surf zone regions predicted by the
new and original model together with the corresponding measure-
ments. In the shoaling zone, the new model accurately captures
the water surface evolution compared with the observation. The
predicted cross-shore location of the initial break point is approx-
imately 0.7 m seaward of the observed one. In the transition re-
gion, (1)max is underpredicted by the new model compared with
the measurement (see also Fig. 6a). Derakhti et al. (2016a) show
that this early initiation of breaking and underprediction of (1) max
in the transition region occur regardless of the choice of vertical
resolution. The same trend has been reported in previous two-
dimensional VOF/RANS studies of surf zone breaking waves; see,
for example, Lin and Liu (1998, Figure 3a), Bradford (2000, Figure
1) and Ma et al. (2011, Figure 9). Typical vertical grid spacing near
the breaking crest in those studies were approximately four times
smaller than in the present study, suggesting that this discrepancy
is not due to a selected numerical resolution or the single-valued
free surface assumption imposed in the o-coordinate system. The
discrepancy is believed to be related to the limitation of the k — ¢
turbulence closure model in a rapidly distorted shear flow (Lin and
Liu, 1998), which is the case in breaking waves.

In the inner surf zone, the new model predicts the water sur-
face evolution with reasonable accuracy compared with observa-
tions. The original model, on the other hand, overpredicts (7)max
in almost the entire surf zone (see also Ma et al. (2014, Figure
5)). Such overprediction of (n)max or wave heights in the surf
zone also was reported in the o-coordinate non-hydrostatic RANS
simulations by Bradford (2012) and Bradford (2014). Those studies
used the simplified surface boundary conditions, as in the origi-
nal NHWAVE model, suggesting that neglecting the effect of sur-
face slopes in the dynamic surface boundary conditions results in a
significant underprediction of the total wave-breaking-induced en-
ergy dissipation in the surf zone. This observation is further dis-
cussed in the discussion section. Sawtooth-like waves in the inner
surf zone are predicted fairly reasonably by the new model com-
pared with observations, as shown in Fig. 6(b — d). However, the
phase-averaged free surface elevations, (), predicted by the orig-
inal model deviate from the experimental data. Results show that
using the RNG-based k — € model gives a better estimation of the
wave phase-speed compared with that predicted by the standard
k — € model. Using different k — € models, however, has a negligi-
bly small effect on the predicted wave height and wave set-up, in
comparison to the corrections presented by consistent treatment of
boundary conditions. Because the wave heights predicted by both
the standard and RNG-based k — € models are approximately the
same, the larger apparent wave phase speed predicted by the stan-
dard k — € model, shown in Fig. 6, must be related to the difference
in the model prediction of wave-breaking-induced turbulence or
mean current. We note that the slightly weaker undertow current
predicted by the standard k — € model compared with that by the
RNG-based k — € model, as shown in Fig. 8, can explained some
part of the increase in the apparent wave phase speed. However,
the question of how turbulence can affect the phase wave speed
remains unexplained.

Fig. 7 shows that the structure of the turbulent kinetic energy,
k, predicted by the new model is considerably different compared
with that predicted by the original model. In addition, the k values
predicted by the original model are much larger than those pre-
dicted by the new model. As shown in Lin and Liu (1998, Figures
12a and 13a), a roller region in the breaking wave front is a source
region of turbulence generation, in which k values are relatively
large. Thus, the structure of instantaneous k predicted by the new
model is significantly improved compared to that predicted by the
original model. The wrong location of high k regions predicted by
the original model is mainly due to imposing du/do = 0 boundary
condition at the free surface, leading to a significant change of the
production term at the bore-front region.

Fig. 8 (a —d) shows the time-averaged k values predicted by
both the new and original models together with the corresponding
measurements of Ting and Kirby (1994). It is seen that the origi-
nal model (dashed lines) considerably overpredicts k in the entire
surf zone compared with the experimental data. In addition, the
RNG-based k — € model (solid lines) gives a better estimation of
k compared with the standard k — € model (dashed-dotted lines),
especially at the transition region. We also found that using the
complete form of the diffusion terms in both the momentum and
k — € equations has an important role in the correct prediction of
the k distribution inside the surf zone and prevents the unphysical
continuous seaward propagation of the k patch as observed in the
original model results.

Finally, Fig. 8(A — D) shows that both the vertical structure and
magnitude of the predicted undertow current by the new model
are more consistent with the corresponding measurements com-
pared with those estimated by the original model. A relatively
weak vertical gradient of the predicted undertow profiles by the
original model shown in Fig. 8(C, D) (dashed lines) is due to
the overprediction of the eddy viscosity v; as discussed in the
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Fig. 9. Snapshots of the normalized turbulent eddy viscosity, v./v, distribution for the surf zone spilling breaking case. Comparison between NHWAVE results with 10 vertical
o-levels using the (a —e) new model with RNG-based k — € and (A — E) original model. Contours are 250 to 9750 with interval of 500.

following section. We believe that such excessive vertical mixing
resulted in the uniform predicted undertow profiles reported in
Figures 12 and 13 of Bradford (2014), where the effect of surface
slopes in the dynamic surface boundary conditions was ignored as
in the original NHWAVE model.

5. Discussion

The standard estimation of surf zone eddy viscosity v; ~

0.015\/5?5 (Svendsen, 1987) gives the normalized eddy viscosity
ve/v in the range of 500 ~ 2000 in the considered surf zone
spilling case, which is consistent with that reported in Lin and
Liu (1998) in the regions below the trough levels. Fig. 9 shows
the snapshots of the spatial distribution of v¢/v predicted by the
new (panels a —e) and original (panels A —E) models. The struc-
ture of the predicted v¢/v below the trough levels by the new
model are consistent with that reported in the VOF/RANS simula-
tion in Lin and Liu (1998, Figures 12c¢ and 13c), where the mag-
nitude of the new model predictions is up to 30% smaller than
for the VOF/RANS simulation. Derakhti et al. (2016b) show that
increasing vertical resolution resulted in a greater deviation com-
pared with the VOF/RANS simulation. The predicted v;/v below the

trough levels by the original model, on the other hand, are consid-
erably larger (up to 300%) than that reported in Lin and Liu (1998),
especially in the outer surf zone and the transition region. We be-
lieve that the overprediction of v; in the original model causes
an unphysical uniform undertow current shown in Fig. 8C, D, and
that the use of an unphysical dynamic boundary conditions at the
surface leads to the distortion of wave shape from the expected
sawtooth shape in the surf zone as shown in Figs. 6 and 7. As
a result, the shock condition near the wave front becomes rela-
tively weaker and thus the wave energy dissipation imposed by the
numerical scheme is reduced. Due to an unphysical zero-vertical
shear boundary condition at the free surface, du/do =0, and the
resultant inaccurate near-surface velocity distribution above the
trough levels the physical dissipation is also underpredicted, lead-
ing to the underprediction of the total wave-breaking-induced en-
ergy dissipation and the overprediction of wave heights in the surf
zone as shown in Fig. 5.

Close to the bore-front regions, the values of v; predicted by
the new model are significantly smaller than those reported in Lin
and Liu (1998) (Fig. 9a — e) due to a zero-tangential-stress bound-
ary condition imposed at the smooth free surface. In the present
study, as well as in all comparable derivations of non-hydrostatic
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models, a zero-tangential-stress boundary condition is imposed at
the smooth free surface, when wind is absent. However, in the case
of the existence of high turbulence near the free surface such as in
the bore-front region tangential stress at the smooth free-surface
location (o = 1) includes the Reynolds-type stress associated with
roughness and intermittency in a finite region around the mean
surface. The use of a smooth surface in such instances implies the
pre-application of a subgrid smoothing filter to both the surface
position and local velocity field. This smoothing has not been ap-
plied consistently in any of the presently available models of this
type (see, for more details, Brocchini and Peregrine, 2001, Sec-
tion 5). Inclusion of the turbulence-induced stress at the free sur-
face should further improve model predictions of wave-breaking-
induced near-surface velocity and turbulence fields. We will exam-
ine such parameterization in the near future.

6. Conclusions

In this paper, we derived the consistent surface and bottom dy-
namic boundary conditions for the velocity and dynamic pressure
fields, using the appropriate dynamic boundary conditions on nor-
mal and tangential stresses at the top and bottom interfaces. A
Neumann-type boundary condition for scalar fluxes was also de-
rived. We focused on the examination of the role of surface slopes
in the predicted near-surface velocity and turbulence fields in sur-
face gravity waves, and thus the density field was assumed to be
constant in all considered cases.

By comparing the predicted velocity field in a deep-water
standing wave in a closed basin, we showed that the consis-
tent boundary conditions did not generate unphysical vorticity at
the free surface, in contrast to commonly used, simplified stress
boundary conditions developed by ignoring all contributions ex-
cept vertical shear in the transformation of stress terms.

In addition, we found that the consistent boundary conditions
significantly improve the predicted velocity and turbulence fields
in regular surf zone breaking waves, compared with the original
model. The predicted wave shapes and wave height evolution were
also improved by the new model. It was shown that the RNG-
based k — € model gave a better estimation of k compared with
the standard k — € model, especially in the transition region. Using
the former also gave a better estimation of the wave phase-speed
compared with that predicted by the latter. Predicted wave height
and wave set-up variations by the various k — € models, however,
were approximately similar.
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