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Abstract

In this paper, a novel algorithm for determining the free exercise boundary for high-dimensional
Bermudan option problems is presented. First, a rough estimate of the boundary is constructed on a
fine (daily) time grid. This rough estimate is used to generate a more accurate estimate on a coarse
time grid (exercise opportunities). Antithetic branching is used to reduce the computational
workload. The method is validated by comparing it with other methods of solving the standard
Black–Scholes problem. Finally, the method is applied to two cases of Bermudan options with a
second stochastic variable: a stochastic interest rate and a stochastic volatility.

Keywords: Simulation; Bermudan options; exercise boundary; antithetic branching; stochastic interest
rate; Heston model.

1. Introduction

European options are financial contracts that grant the contract holder the right to
exercise the contract (i.e., sell or purchase the underlying asset) at a specified strike
price K only at the expiration date T of the contract. This lack of flexibility spurred
the creation of American options, which allow early exercise at any time t � T .
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The added convenience and flexibility of an American option has a mathematical
downside: the values of American options are difficult to determine.

Consequently, it may not be easy to decide the time t and asset price St at which
the option should be exercised. In particular, there is an early exercise boundary
St ¼ BðtÞ which determines the hold and exercise regions; this boundary casts the
system as a moving boundary problem. The location of the early exercise
boundary is important for practitioners because it contributes to the price of
American-style financial derivatives, which are the most widely traded worldwide.
Due to this derivative’s significance and complexity, practitioners and researchers
have continuously studied the moving boundary problem for American options.

The optimal exercise boundary for an American option has been much studied,
particularly in the case of plain vanilla American options. The resulting ideas and
numerical methods can be divided into three approaches. One approach is to
formulize the problem with partial differential equations (PDEs), which are solved
backwards in time from the point of maturity. Using this approach, Barles (1995),
Kuske and Keller (1998), Stamicar et al. (1999), and Chen and Chadam (2007)
provide analytical asymptotic equations for the optimal exercise boundary. The
second approach is called the lattice method, and involves discretizing both t and
St; the binomial tree from Cox et al. (1979) and the trinomial tree from Boyle et al.
(1989) are the most commonly discussed variations of this method. Although these
two celebrated approaches have been widely applied to problems with low
dimensions, they have not been used in problems with high dimensions because
the computational time increases exponentially with dimension. To solve this
“curse of dimensionality”, a simulation approach was suggested in Boyle (1977),
and subsequently was analyzed by Bossaerts (1989), Grant et al. (1997), Andersen
(1999), and Ibanez and Zapatero (2004), among others. Our approach is a
breakthrough in that it combines the simulation of a forward-looking property and
dynamic programming with backward induction.

For the case of plain vanilla American put options, Fu (2001) provides nu-
merical comparisons of different algorithms using the simulation approach,
whereas Chen and Chadam (2007) stress different asymptotic results using PDEs,
especially for near-expiry scenarios. It is generally agreed that the most successful
method for this basic case appears to be the classical binomial tree method, as
assessed by the criteria of stability, convergence, accuracy, and the insensitivity to
extreme parameters (Sauer, 2012).

Bermudan options offer a compromise between the rigidity of the European
option and the mathematical complexity of the American option. In a Bermudan
option, early exercise is limited to a series of predetermined dates TJ . In this paper,
we solve for the early exercise boundary of the Bermudan option using a simu-
lation approach. We provide a convenient but realistically powerful tool to
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accurately estimate BðtÞ by using a two-step process. First, we construct a fine
daily mesh tj on which we produce a rough estimate BðtjÞ ¼ bj for the exercise
boundary. Then we calculate a more refined estimate BðTJÞ ¼ BJ on a coarse
(exercise) mesh consisting only of the early exercise dates (see Fig. 1).

Though the idea of using aMonte Carlo simulation is rather simple, its successful
implementation in this paper requires a novel algorithm design, as we pay careful
attention both to computing speed and convergence. For this purpose, an error
reduction scheme utilizing antithetic branching is applied in our algorithm.

In order to validate our approach, we use the standard Black–Scholes Bermudan
option to provide thorough numerical comparisons of our algorithm with both the
binomial tree method and asymptotic solutions of the PDE approach. This allows
us to establish the algorithm’s lower implementation cost and region of validity.

Accordingly, this paper is organized as follows. Section 2 introduces the
problem in the framework of the free boundary setting. Section 3 presents the
Monte Carlo simulation approach to find the optimal exercise boundary of Ber-
mudan options. The algorithm is formulated from a stochastic control perspective
and improved by an error reduction scheme, namely, antithetic branching. Then
Sec. 4 applies our method to an example of the Bermudan put option under the
Black–Scholes model, and provides comparisons of our simulation method to the
existing asymptotic and binomial-tree results. In Sec. 5, we use our model to
analyze the more complicated cases of Bermudan options with two stochastic
variables: either a stochastic interest rate or a stochastic volatility under the Heston
model (Heston, 1993). Our concluding remarks are given in Sec. 6.

2. Model Setup

We briefly outline the setup in the continuous-time context before introducing our
numerical scheme. At time t, denote the underlying asset price by St. (We make the
standard assumption that St is Markovian, i.e., the future asset prices depend on the
current time but not on prior times.) When the underlying asset price St is equal to

Fig. 1. Illustration of grids. The coarse estimate b will be calculated at each daily grid point tj.
The refined estimate B will be calculated only at the exercise dates TJ , which correspond to every qth
daily point. (In this figure, q ¼ 10.)
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s, we denote the value and payoff of the option at time t by VtðsÞ and PtðsÞ,
respectively.

At any possible exercise time t, the option holder must compare VtðsÞ and PtðsÞ.
If the option is worth more exercised than held, the buyer will exercise; this
relationship defines an exercise region RðtÞ:

RðtÞ ¼ sjPtðsÞ > VtðsÞf g ð1Þ
which is bounded by an exercise boundary s ¼ BðtÞ:

BðtÞ ¼ sjPtðsÞ ¼ VtðsÞf g: ð2Þ
The focus of this paper is to estimate BðtÞ numerically for Bermudan options;

hence it is convenient to introduce two grids for time. First we construct a fine (daily)
mesh tj, assumed to be spaced one day apart, for j ¼ 0, 1, . . . ,m (so tm is the
expiration date). Then we construct a coarse (exercise) mesh TJ of the exercise dates,
for J ¼ 0, 1, . . . ,M (so TM is the expiration date). We assume that the exercise dates
are spaced q days apart, so TJ ¼ tqJ . We retain throughout this convention that capital
letters pertain to the exercise grid, while small letters pertain to the daily grid: see
Table 1. (The remaining notation is listed in Table 2.)

3. Computing the Optimal Exercise Boundary

Though the exercise boundary BðtÞ is defined for all time in the case of an
American option, for the case of a Bermudan option, we need only the values
BJ ¼ BðTJÞ at the exercise dates. However, since the exercise dates are widely

Table 1. Notation dependent on grid.

Notation

Continuous Time Daily Grid Exercise Grid Description

t tj TJ ¼ tqJ time

j J time index
BðtÞ bj BJ exercise boundary

m ¼ qM M time units at expiration
n N number of realizations/paths
i I index for realizations/paths

PtðsÞ pjðsÞ PJðsÞ payoff with asset price equal to s

RðtÞ Rj exercise region

St Sj asset price

VtðsÞ VJðsÞ option value underlying asset price equal to s

vðb̂jÞ option value with boundary starting at b̂j

�ðb̂jÞ �JðŝÞ error value used to compute boundary
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spaced, to obtain an accurate approximation, we need information about the values
bj ¼ BðtjÞ on the daily mesh.

In this paper, we take a two-pronged approach. Since they are not the dates of
interest, on the daily mesh we construct only a rough estimate bj���we don’t waste
computational effort generating a highly accurate estimate. There are fewer exer-
cise dates, so we save our computational effort to generate highly accurate
boundary estimates there. That’s because these few dates are the only ones where
actual financial decisions must be made. Hence, we have balanced the computa-
tional cost between the two grids.

To calculate the boundary values, we use a method of backward induction (dy-
namic programming recurrence). In other words, we work backwards from the ex-
piration date, calculating the boundary along the way. As an introduction to the
algorithm, we consider the last early exercise date before maturity: J ¼ M � 1. (Since
it is the final one, in this interval the Bermudan option behaves like a European one.)

3.1. Rough estimate: Final interval

We begin by computing the rough estimate for the boundary bj. For now, we focus
on the final interval between exercise dates: t 2 [TM�1,TM] ¼ [tqðM�1Þ, tm].

Table 2. Other notation.

Notation Description

c volatility in stochastic models
E realization set
f ð�Þ transformed exercise boundary in asymptotic results
k ratio of interest rate to volatility effects
‘ time index for realization sets
p time index
q number of days between exercise dates
r interest rate
s given asset price
�ð�Þ boundary function in asymptotics
� mean reversion rate in stochastic models
� transformed time in asymptotics
� correlation in stochastic models
� volatility
� scaled time to expiration
� as a subscript on �, used to represent a threshold
�� used to refer to a long-term mean
�̂ used to refer to provisional values
~� used to refer to a discounted payoff

�ð�Þ used to refer to paths, realizations, or experiments
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Suppose that we are given an asset price SM�1 ¼ ŝ (how we obtain the value will
be discussed in the next section). Given ŝ, we then generate n separate realization
paths S ðiÞ

p of the asset price on the daily mesh (here i indexes the paths).
To find the boundary bj on the daily mesh for t 2 [tqðM�1Þ, tm], we work

backwards from tm. Therefore, at time tj, we assume that all the bp have been
estimated for p > j. We next propose a value b̂j for bj. This sequence of boundary
values generates a proposed exercise region R̂j for t � tj:

R̂j ¼ Rðb̂j, bjþ1, bjþ2, . . . , bm�1,KÞ, ð3Þ
where we have used the fact that bm ¼ K, since the exercise boundary always
terminates at the strike price.

Then for each realization S ðiÞ
p , we need to know at what point tp the option

would be exercised. In particular, we find the exercise set Ep of all realizations for
which the option would be exercised at tp:

Epðb̂jÞ ¼ ijtp is the first time tj that S
ðiÞ
j 2 R̂j

n o
¼ ijS ðiÞ

p 2 Rp, i 62 E‘ðb̂jÞ for j � ‘ < p
n o

: ð4Þ
We note that Ep is specifically dependent on the choice of b̂j. This may seem
strange since for any p > j, the boundary bp has already been determined. But the
realizations in Ep will be determined by those not in Ej, and this latter set definitely
depends on b̂j.

This process is illustrated in Fig. 2 for a put option, where the exercise region is
below the boundary. In this case, i ¼ 1 would then belong to E230ðb̂226Þ, i ¼ 2
would belong to E235ðb̂226Þ, and so on.

Fig. 2. One candidate for the rough boundary estimate b, along with four realizations of the asset
walk. Here j ¼ 226, m ¼ 250. We use the parameters in Eq. (12a) along with ŝ ¼ 87:5.
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Given this expression, we may compute the value of the option at tj, averaged
over all the realizations. In particular, we add up the values of the option under
each realization (indexed by i) and compute the average, which we denote vðb̂jÞ:

vðb̂jÞ ¼
1
n

Xm
p¼j

X
i2Epðb̂ jÞ

~P S ðiÞ
p

� �
: ð5Þ

Some remarks about Eq. (5) are appropriate.

. Technically, vðb̂jÞ ¼ Vt¼tjðŝÞ, given that the boundary is b̂j, bjþ1, . . . , bm. We use
our notation since the variable of interest here is b̂j.

. The inner sum represents the payoffs of all realizations exercised at tp. If p > j,
the payoff value must be discounted back to tj. We use the tilde notation to
indicate that discounting.

From Eq. (2), we know that at the actual exercise boundary, VtðsÞ ¼ PðsÞ.
Therefore, it is natural to calculate the following error �:

�ðb̂jÞ ¼ vðb̂jÞ � PðŝÞ: ð6Þ
Then the estimated optimal exercise boundary bj is chosen to be the value b̂j such
that �ðb̂jÞ is arbitrarily close to 0, i.e.,

�ðbjÞ
�� �� < ��, ð7Þ

where �� is an arbitrarily small number.
Therefore, the algorithm for the rough estimate is as follows:

1. Start with J ¼ M � 1 and generate n realizations for the asset paths.
2. Start constructing the boundary with j ¼ m� 1.
3. Construct an interval that contains the boundary values b̂j we wish to test. (In

practice, this interval is taken as [0, bjþ1] since the boundary is monotonic.)
4. Choose b̂j as the midpoint of the interval, and perform the procedure outlined

above to determine �ðb̂jÞ.
5. If Eq. (7) is not satisfied, use the sign of �ðb̂jÞ to bisect the interval of con-

sideration, and repeat until convergence.
6. Decrement j until we have covered all j values down to j ¼ qðM � 1Þ, which

corresponds to J ¼ M � 1, the first early exercise date.

3.2. Refined estimate: Final interval

When the algorithm outlined above has been completed, we will have the complete
rough estimate for bj (and hence Rj) on the daily mesh for the interval [tqðM�1Þ, tqM]
between the last two exercise dates. The left endpoint is also TM�1; we create a
more accurate estimate BM�1 as follows.

Optimal exercise frontier of Bermudan options by simulation methods

2250013-7



Given some value ŝ of the asset price at the left endpoint SqðM�1Þ, we again
create a set of realizations for S on the daily mesh in this time period, this time N
separate realization paths SðIÞ. With all the Rj known, we calculate the average
option value as before:

VM�1ðŝÞ ¼
1
N

Xm
p¼qðM�1Þ

X
I2EpðbqðM�1ÞÞ

~P S ðIÞ
p

� �
: ð8Þ

Note the following differences from Eq. (5):

. Note that j ¼ qðM � 1Þ, as we are solving on the exercise mesh.

. The hat is gone from the argument of the E sets, since bj is now assumed known.
Hence the arguments of the E sets are fixed, as we are now optimizing over ŝ.

Then analogous to Eq. (6), we define a new error

�M�1ðŝÞ ¼ VM�1ðŝÞ � PðŝÞ, ð9Þ
and choose the estimated optimal exercise boundary BM�1 to be the asset price ŝ
such that �M�1ðŝÞ is arbitrarily close to 0, i.e.,

�M�1ðBM�1Þj j < ��: ð10Þ

3.3. The algorithm

Thus, the complete algorithm for the final interval is as follows:

(i) Construct an interval that contains the asset values ŝ we wish to test. (In
practice, this interval is taken as [0,BJþ1] since the boundary is monotonic.)

(ii) Choose ŝ as the midpoint of the interval, and run the algorithm in Sec. 3.1 to
determine bj for j 2 [qðM � 1Þ,m].

(iii) Then run the procedure outlined above to determine �M�1ðŝÞ.
(iv) If Eq. (10) is not satisfied, use the sign of �M�1ðŝÞ to bisect the interval of

consideration for ŝ, and repeat until convergence.

After the computation for the final period, we now have a refined estimate
BM�1, which is an approximation to BðTM�1Þ. But now we can repeat the process
outlined above for the larger interval tj 2 [tqðM�2Þ, tm], which will yield a refined
estimate of BM�2. This process can be repeated working backwards until we reach
time t ¼ 0.

Note that there is no formal interpolation or projection of the results between
grids. Rather, the rough estimates for the bj are used directly in the algorithm in
Sec. 3.2 to generate the refined estimate BJ .

We have to do n simulations on the daily mesh for each rough simulation; hence
computational efficiency is essential. Therefore, for the rough simulations, we use

D. Xie, D. A. Edwards & X. Wu

2250013-8



antithetic branching (Kroese et al., 2013, Sec. 9.2). In this method, simulations are
computed in pairs. The first is computed by a typical procedure with Wiener
process(es) dW , while the second is computed by replacing dW with �dW . Hence,
we need to generate only n=2 realizations to create n paths.

4. Numerical Results of Bermudan Put Option Under
the Black–Scholes Model

Though we eventually want to use our method when the volatility or interest rate is
stochastic, for validation purposes we begin by specializing to the case of standard
Black–Scholes. In particular, we consider a Bermudan put option with standard
payoff function

PðsÞ ¼ maxðK � s, 0Þ � ðK � sÞþ ) ~PðsÞ ¼ e�rðtm�tÞðK � sÞþ, ð11aÞ
from which we have that the exercise region is given by

RðtÞ ¼ fsjs < BðtÞg: ð11bÞ
We choose the following Black–Scholes parameters:

K ¼ 100, r ¼ 0:05, � ¼ 0:3: ð12aÞ
We assume that the option has an expiration date 250 days in the future, and the
option can be exercised every 25 days:

dt ¼ 1
360

, m ¼ 250, q ¼ 25 ) M ¼ 10: ð12bÞ

Thus, the exercise boundary values that need to be estimated are fbjg250
j¼0 and

fBJg10
J¼0. For our simulations, we take

n ¼ 20000, N ¼ 50000, �� ¼ 10�3: ð12cÞ
With these parameters, we first choose an arbitrary S225 ¼ ŝ and b̂249; then the

very first step would be the calculation of Eq. (5):

vðb̂249Þ ¼
1

20000

X
i2E249ðb̂249Þ

100� S ðiÞ
249

� �
þ

X
i2E250ðb̂249Þ

e�r dt 100� S ðiÞ
250

� �þ
2
4

3
5:
ð13Þ

given ŝ. Note the following:

. At expiration, the boundary is the strike price, which is why K is the argument
of the E.
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. In this case, a realization falls in E249ðb̂249Þ if S ðiÞ
249 < b̂249, and in E250ðb̂249Þ

otherwise: hence there is no þ superscript on the first term.

To compute b249, we perform the algorithm as outlined in Sec. 3.1, stopping

when Eq. (7) is satisfied for �� ¼ 10�3, or when the interval of possible b̂ is
narrower than 10�3. Then by repeating the same process (working backwards) for
t248, t247, . . . , t225, we obtain the boundary in Fig. 2.

To compute B9, let fbjg250
j¼225 be the previously calculated boundary shown in

Fig. 2. For simplicity of exposition, suppose only the N ¼ 4 paths shown are
simulated. Then looking at each path individually, observe that paths 1–4 cross
into the exercise region at j ¼ 230, 235, 241, and 250, respectively. In this
case, Eq. (8) becomes

V9ðŝÞ ¼ 1
4

100� S ð1Þ
230

� �
e�ð230�225Þr dt þ 100� S ð2Þ

235

� �
e�ð235�225Þr dt

h
þ 100� S ð3Þ

241

� �
e�ð241�225Þr dt þ 100� S ð4Þ

250

� �
e�ð250�225Þr dt

i
:

The boundary B9 is the stock price ŝ such that

V9ðŝÞ � ðK � ŝÞþj j < 0:001, ð14Þ
where we have used the value in Eq. (12c).

In reality, we use N ¼ 50000 paths. Repeating the algorithm described above
(working backwards) for TJ, we obtain the refined estimate fBJg10

J¼0 on the ex-
ercise mesh. In order to reduce the possibility of spurious results, we perform the
experiments 40 different times and declare the boundary to be the mean of the
results.

The results for the standard Black–Scholes case are shown in Fig. 3. We note
that the full curve BðtÞ is constructed using simple linear interpolation; the rough

Fig. 3. Refined estimate for full range of t.
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estimates bj are not used. The convexity of the curve is justified by many prior
studies. Testing the curve for accuracy is performed in Sec. 4.1.

We illustrate the dependence of the boundary on the Black–Scholes parameters in
Fig. 4. Figure 4(a) shows the effect of the underlying asset volatility �. As expected,
the exercise boundaries with smaller volatility stay above those boundaries that have
larger volatility. That is, given high volatility, the asset prices dramatically fluctuate
and early exercise is preferable only if the asset price is quite low.

In Fig. 4(b), as the value of the risk-free interest rate r increases, so does the
exercise boundary. With a higher interest rate on risk-free assets, it is cost-effective to
exercise the options for higher values of S, even though this means a smaller payout.

4.1. Comparisons with prior results

To establish the suitability of the antithetic branching technique, we compare the
results from a simple Monte Carlo simulation with n ¼ 10000 and N ¼ 50000
realizations to those from the antithetic branching technique, where those same
realizations can be leveraged into n ¼ 20000 paths in a similar computational time.
For each method, we performed 40 experiments, then computed the mean and
standard error in the boundary position.

In Fig. 5, we present the difference between the mean and standard error of the
two methods versus exercise date. The difference is quite small, and of course
the antithetic branching approach gives more simulations in a smaller amount of
time. Hence, for the rest of the paper, we use only antithetic branching for our
approximations.

(a) (b)

Fig. 4. Left (a): Exercise boundaries with parameters as in Eq. (12a), but with � ¼ 0:25, � ¼ 0:5,
and � ¼ 0:75. Right (b): Exercise boundaries with parameters as in Eq. (12a), but with r ¼ 0:05,
r ¼ 0:075, and r ¼ 0:1.
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Since the Bermudan put under Black–Scholes has been computed using other
methods, we may use it as a benchmark to demonstrate the accuracy of our
approximation. In particular, we compare our approach (results in Fig. 3) with the
binomial tree from Cox et al. (1979) and approximations made by using the partial
differential equations from Chen and Chadam (2007).

We embed the binomial tree method in Cox et al. (1979) into our algorithm.
That is, when calculating the boundary, we simply replace the Monte Carlo ap-
proach with the binomial tree method. In particular, B9 is found by continuously
calculating V9ðŝÞ until Eq. (14) is satisfied. Once the binomial tree values of BJ

have been calculated, they may be compared to our previous estimates (see Fig. 6).

Fig. 5. Difference between the antithetic branching and simple Monte Carlo approach for the mean
and standard error of BJ . Parameters are as in Eq. (12a).

Fig. 6. Plots of exercise boundary using our method and the binomial tree method, using the left
scale. Columns represent the error between the methods, using the right scale.
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After comparing the boundaries obtained by the traditional binomial tree
method and our simulation, we can draw the conclusion that our method is
satisfactory, as the trends of the two boundaries are similar and the gaps between
the two boundaries are small. In particular, the small change in the slope causes the
two boundary estimates to converge as time runs backward from expiration
(though the gap is never more than 5%). Thus, our estimate works better as time
goes on.

Our method provides a conservative estimate for retaining the option: that is,
the gap between the boundaries represents a larger exercise region for our method.
The relatively larger boundary values obtained by our simulation can be blamed on
the nature of the uncertainty caused in the Black–Scholes model. One can see that
the general shape of the two boundaries is similar even though the boundary values
derived from the binomial tree are relatively lower than the corresponding values
derived from antithetic branching.

Though these results are promising, we further test our algorithm by comparing
its approximations to the exercise boundary with asymptotic approximations
obtained from the Black–Scholes equation. Let

� ¼ �2ðtm � tÞ
2

, BðtÞ ¼ Ke�f ð�Þ, �ð�Þ ¼ [f ð�Þ]2
4�

:

Kuske and Keller (1998) derived the result that

9	k 2��2e2� � 1, � ! 0; k ¼ 2r
�2

, ðKKÞ

which captures the dominant behavior of �, in particular that

lim
�!0

2�ð�Þ
j log � j ¼ 1:

Chen and Chadam (2007) proved that as � ! 0,�ð�Þ has a more general as-
ymptotic expansion based on Merton’s solution for the infinite horizon problem
for the Bermudan put option:

� ¼ ��� log
2ffiffiffi
	

p
Z ffiffiffi

�
p

0
e�z 2 dz

 !
þ log

e� þ 2ke1=� logð1þ k�1Þ
e� þ e1=�

� �
, ðCCÞ

where

� ¼ log
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4	k 2�

p� �
:

The error for this estimate is less than 2	 10�3 at any time within 3 years of
expiration.
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We compared the solution using our antithetic branching algorithm to the an-
alytic solutions in (KK) and (CC); Fig. 7 contains a graph. The boundaries by the
method of CC are viewed as “standard” solutions to the optimal exercise boundary
for the Bermudan put option; note from Fig. 7 that the binomial-tree method is the
most accurate. As observed, the boundary obtained by antithetic branching per-
forms better than the KK method, even though it performed more poorly than the
method of binomial trees.

Overall, these results give us confidence that our novel method can be used to
accurately estimate the exercise boundary for Bermudan options, even in the case
where there is more than one stochastic variable.

5. Nonstandard Examples of the Exercise Boundary of Bermudan
Options

In the following subsections, we take advantage of our algorithm to obtain the
exercise boundary for the Bermudan put option in two cases of higher dimensions.
First we consider a stochastic interest rate following the CIR model (Cox et al.,
1985). Second, we consider a stochastic volatility following the Heston model
(Heston, 1993). It is worthy to note that there is a tradeoff between the dimension
of the boundary problem, the accuracy of the model and the computational time
required to generate the boundary. For instance, the computational time for the
Heston model is double the corresponding time for the Black-Scholes model, in
part because the dimension of the Heston model is 2 and the Black-Scholes
model’s dimension is 1.

Fig. 7. Exercise boundaries for the Bermudan put using the parameters in Eq. (12a) for four different
algorithms.
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5.1. Exercise boundaries of Bermudan put options with stochastic interest
rates

Empirical evidence and studies show that the interest rate in the derivative
market is dynamic and follows different stochastic models. Thus, obtaining the
exercise boundary of the Bermudan put option under a stochastic interest rate is
of practical interest. Typically, the interest rate follows the Vasicek model (Vasicek,
1977) or the CIR model (Cox et al., 1985). The latter model is used in this
paper, i.e.,

dSt ¼ rtSt dt þ St�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
dW ð1Þ

t þ � dW ð2Þ
t

h i
, S0 ¼ s, ð15aÞ

drt ¼ �ð�r � rtÞ dt þ crt dW
ð2Þ
t , �0 > 0, ð15bÞ

where fW ðiÞ
t , t � Tg, i ¼ 1, 2 are two independent Wiener processes. Here � 2

[� 1, 1] is the correlation between the stochastic asset price and the stochastic
interest rate, �r is the long-term mean of the interest rate, and � measures the rate at
which a deterministic value would approach it. Lastly, c measures the size of the
stochastic effects, and f�r , c,�g all satisfy the conditions that guarantee the exis-
tence of unique positive solutions for St and rt.

We repeat the computational setup from the previous section, i.e., the Bermudan
put option with 11 exercise opportunities and 40 different experiments. The sto-
chastic interest rate is assumed not to correlate with the underlying asset, i.e.,
� ¼ 0. Hence Eq. (15a) is replaced by

dSt ¼ rtStdt þ �St dW
ð1Þ
t : ð16Þ

We present three examples of the stochastic interest rate process: low-mean re-
version and low volatility (� ¼ 0:5, c ¼ 0:03), high-mean reversion and low
volatility (� ¼ 1, c ¼ 0:03), and high-mean reversion and high volatility (� ¼ 1,
c ¼ 0:06). In order to better compare with the constant-interest case, we took the
initial rate r0 to be equal to the long-term rate �r .

The results are shown in Fig. 8. Compared with the boundary for a con-
stant interest rate, the boundary with a stochastic interest rate is nearly identical.
Though not shown, the standard errors are also very close (with a deviation
of less than 0.1 from the constant case). Hence we can conclude that the
parameters of the CIR model have little effect on the optimal exercise boundary.
This result agrees with Ibanez and Zapatero (2004), who concluded that
assuming a stochastic interest rate process does not have a large impact on
the price of put options because it is primarily influenced by the boundary
position.
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5.2. Exercise boundaries of Bermudan put options under the Heston model

Few works in the literature have discussed the exercise boundary for the Bermudan
put option under stochastic volatility models, as the dimension of the problem has
now increased. Suchmodels are of great interest, as empirical research has proved that
the volatility of the asset price in a financial market is not constant. However, such
models are difficult to analyze. Themethod of partial differential equations is far more
difficult to apply in this case. Levendorskii (2004) prices the Bermudan put option
using L�evy processes, and Beliaeva and Nawalkha (2010) provide a “tree” approach
to price Bermudan options under low-dimensional stochastic volatility models.

We use our algorithm to find the exercise boundary for the Bermudan put under
the Heston model. In this case, the variance of the stock price is no longer constant
but follows a CIR process, i.e.,

dSt ¼ rSt dt þ St�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
dW ð1Þ

t þ � dW ð2Þ
t

h i
, S0 ¼ s, ð17aÞ

d�2
t ¼ � �� 2 � �2

t

� 	
dt þ c�t dW

ð2Þ
t , �0 > 0, ð17bÞ

where the variables are defined in analogous manner to those in Eq. (15). The only
change is that in order for �� to be the long-term mean of �, we change �r to �� 2 in
Eq. (17b).

Again we repeat the computational setup from the previous section, i.e., the
Bermudan put option with 11 exercise opportunities and 40 different experiments.
The stochastic volatility is assumed to correlate exactly with the underlying asset,
i.e., � ¼ 1. Hence, Eq. (17a) is replaced by

dSt ¼ rStdt þ St�t dW
ð4Þ
t : ð18Þ

Fig. 8. Difference between mean of BJ in the stochastic interest rate context Eqs. (15b) and (16) and
the case with constant r. Other parameters are as in Eq. (12a).
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Three examples of the stochastic volatility process with an unchanged long-term
rate of volatility are presented: low-mean reversion and low volatility of volatility
(� ¼ 0:23, c ¼ 0:2), high-mean reversion and low volatility of volatility (� ¼ 0:8,
c ¼ 0:2), and high-mean reversion and high volatility of volatility (� ¼ 0:8,
c ¼ 0:5). In order to better compare with the constant-volatility case, we took the
initial rate �0 to be equal to the long-term rate ��.

The results are shown in Fig. 9. At left we plot the difference between the mean
boundary in the stochastic volatility and constant volatility cases using the same
procedure as the one illustrated in Fig. 8. The differences are more pronounced
than in the stochastic-interest case, and are generally negative. In other words, due
to the increased variation in the volatility, the buyer should hold the option longer,
in hopes of a further decrease in the asset price. Not surprisingly, the deviations are
largest for the case of high c, where the stochastic effects are largest.

This same behavior with increasing c is shown at the right of Fig. 9, which
shows a plot of the difference of the standard error in the same circumstances.
Since �0 has the same value as in the constant-volatility case, the deviations start
off small, growing larger over time before resetting to zero at expiration.

To determine the effect of the long-term mean �� on the boundary, we consider
the case of low mean reversion and low volatility of volatility (� ¼ 0:23, c ¼ 0:2).
We generate the values of the boundary with both �� ¼ 0:2 and �� ¼ 0:3; the results
are shown in Fig. 10.

We compute the mean boundary difference as in Fig. 9. Since c is small, we see
that the deviations are small. We note that in the case �� ¼ 0:2, �0 is quite a bit
larger than the long-term mean at first. Thus there is a larger deviation from the
constant-volatility case where � ¼ 0:3. This mismatch means that the volatility is

Fig. 9. Difference between mean (left) and standard error (right) of BJ in the stochastic volatility
context and the case with constant �. Here we use Eqs. (17b) and (18) with �0 ¼ 0:3; the remaining
stochastic model parameters are in the legend. Other parameters are as in Eq. (12a).
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larger than the long-term mean for a longer period of time. This period of increased
volatility causes the boundary to shift (slightly) upward, indicating that the buyer
should exercise earlier than in the constant-volatility case.

6. Conclusions and Further Research

In this paper, we described how to determine the optimal early exercise boundary
for a Bermudan option, for which early exercise can happen only at select dates.
We exploit this structure by constructing only a rough boundary estimate on the
daily grid. On the coarse grid of early exercise dates where accurate data is actually
needed, we use extra simulations to generate a more refined estimate. To reduce
the variance and lengthy computational time, antithetic branching is used for the
rough estimates.

To test our method, we consider a Bermudan put option under the Black–
Scholes model. We compare the numerical results from our algorithm with results
from the binomial tree method and certain analytical asymptotic results from the
PDE approach. The comparisons show that our algorithm is both effective and
accurate, though it slightly overestimates the boundary compared to the binomial
tree method. It is important to note that we have limited the exercise opportunities
in this paper, as our algorithm has this problem: the computational time scales
exponentially as the number of exercise opportunities grows.

However, the advantage that our method has is that it can easily be adapted to
more complicated situations where Black–Scholes does not apply, and the bino-
mial method is too computationally expensive. In particular, we studied the case of

Fig. 10. Difference between mean of BJ in the stochastic volatility context and the case with constant
�. Here we use Eqs. (17b) and (18) with � ¼ 0:23, c ¼ 0:2, �0 ¼ 0:3. Other parameters are as in
Eq. (12a).
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stochastic interest rates under the CIR model and stochastic volatility under the
Heston model. By changing the parameters in the models, we can easily see their
effect on the evolution of the early exercise boundary. The numerical results show
that introducing a stochastic component to the interest rate has hardly any impact
on the values of the exercise boundary. In contrast, introducing a stochastic
component to the volatility induces larger changes to the boundary.

These results indicate that our method can be used to examine the early exercise
boundaries for a wide range of problems. Further research will involve expanding
the number of different models considered, as well as working to optimize our
code’s speed and efficiency.
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