MATH 302-011 Ordinary Differential Equations
Prof. D. A. Edwards Sept. 23, 2024

Theory for Second- and Higher-Order ODEs

For the second-order homogeneous constant coefficient ODE
ay + by +cy =0, (la)
we found that substituting in y = e* yields the characteristic equation
aX?> + b\ +c =0,

which has two roots A; and Ao. The general solution y = ¢;e*? 4+ coe??t satisfies (1la) along
with the initial conditions

y(0) = vo, y(0) = 9o, (1b)
with constants given by
o — Yo = A2y o — ALY0 Yo @)
1 )\1 — )\2 ) 2 )\1 — )\2 ;

which exist as long as A1 # As.
In general, for the linear equation

§+pt)y+q(t)y = g(t), (3a)

there is a unique solution satisfying

y(to) = Yo, y(to) = 9o (3b)

in any interval I containing ¢y where p, ¢, and g are all continuous. This is because at
t = to you would know all the terms except the first in (3a), which means you can solve
for §j(to) to advance the solution forward.

If we make (3a) HOMOGENEOUS by setting ¢g(t) = 0 and find two solutions y;
and yo, the general solution y = c1y1(t) + coy2(t) satisfies (3b) with constants

o Yoy2(to) — Yoy2(to) o —yo¥1(to) + Joy1(to) (@)
' W (to) ’ ’ W (to) ’

which exist as long as the Wronskian

W (to) = ‘yl Y2 (t9) # 0.

Y1 Y2
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In that case, y; and ys are called linearly independent and form a fundamental set. [In the

case of constant coefficients, (4) reduces to (2).]
The higher-order case is a direct extension of the above. The nth order linear equation

Y+ Zp s =g(t) (52)

can be written as n first-order equations, so we need n initial conditions

Y9 (to). (5b)
There is a unique solution of (5) in any interval I containing ¢, where the p; and g are
all continuous. This is because at ¢t = ty you would know all the terms except the first in

(5a), which means you can solve for 4™ (¢y) to advance the solution forward.
If we make (5ba) HOMOGENEOUS by setting ¢g(¢) = 0 and find n solutions y;, the

general solution
n
y=>_yt)
j=1

can satisfy any set of initial conditions (5b) as long as the higher-order Wronskian

y‘l y.2 ) y.n
U1 Y2 s Yn
Wito) = . N .| (o) #£0.
y%nfl) yénfl) o y7(ln71)

In that case, the y; are called linearly independent and form a fundamental set.




