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Theory for Second- and Higher-Order ODEs

For the second-order homogeneous constant coe�cient ODE

aÿ + bẏ + cy = 0, (1a)

we found that substituting in y = e�t yields the characteristic equation

a�2 + b�+ c = 0,

which has two roots �1 and �2. The general solution y = c1e�1t+c2e�2t satisfies (1a) along
with the initial conditions

y(0) = y0, ẏ(0) = ẏ0, (1b)

with constants given by

c1 =
ẏ0 � �2y0
�1 � �2

, c2 =
�1y0 � ẏ0
�1 � �2

, (2)

which exist as long as �1 6= �2.
In general, for the linear equation

ÿ + p(t)ẏ + q(t)y = g(t), (3a)

there is a unique solution satisfying

y(t0) = y0, ẏ(t0) = ẏ0 (3b)

in any interval I containing t0 where p, q, and g are all continuous. This is because at
t = t0 you would know all the terms except the first in (3a), which means you can solve
for ÿ(t0) to advance the solution forward.

If we make (3a) HOMOGENEOUS by setting g(t) = 0 and find two solutions y1
and y2, the general solution y = c1y1(t) + c2y2(t) satisfies (3b) with constants

c1 =
y0ẏ2(t0)� ẏ0y2(t0)

W (t0)
, c2 =

�y0ẏ1(t0) + ẏ0y1(t0)

W (t0)
, (4)

which exist as long as the Wronskian

W (t0) =

����
y1 y2
ẏ1 ẏ2

���� (t0) 6= 0.
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In that case, y1 and y2 are called linearly independent and form a fundamental set. [In the
case of constant coe�cients, (4) reduces to (2).]

The higher-order case is a direct extension of the above. The nth order linear equation

y(n) +
n�1X

j=0

pj(t)y
(j) = g(t) (5a)

can be written as n first-order equations, so we need n initial conditions

y(j)(t0). (5b)

There is a unique solution of (5) in any interval I containing t0 where the pj and g are
all continuous. This is because at t = t0 you would know all the terms except the first in
(5a), which means you can solve for y(n)(t0) to advance the solution forward.

If we make (5a) HOMOGENEOUS by setting g(t) = 0 and find n solutions yj , the
general solution

y =
nX

j=1

yj(t)

can satisfy any set of initial conditions (5b) as long as the higher-order Wronskian

W (t0) =

��������

y1 y2 · · · yn
ẏ1 ẏ2 · · · ẏn
...

...
. . .

...
y(n�1)
1 y(n�1)

2 · · · y(n�1)
n

��������
(t0) 6= 0.

In that case, the yj are called linearly independent and form a fundamental set.


