MATH 302-010 Ordinary Differential Equations
Prof. D. A. Edwards Due: Nov. 15, 2024

Homework Set 8 Solutions (11/21 Version)

1. (BH) Use Laplace transforms to find the solution of
§+9y =1, y(0)=0, y(0)=3.

Solution. Taking the Laplace transform, we obtain

. . .1
s°9 —sy(0) = 9(0) + 99 = —
1 3s+1
(2 +9)j=3+- ="
S S
. 3s+1 _é+ Bs . C
y_s(52+9)_ 249 s2+9

s
35+ 1=A(s>+9) +s(Bs + C).
Using the trick of substituting s = 0 into both sides, we have 1 = 94, or A = 1/9, yielding

s2+9

3s+1= + Bs® + Cs.

Matching the coefficients of s?, we have B = —1/9. Similarly, matching the coefficients of
s, we have C' = 3. Hence we have

.1 s n 3
Y705 T 9(s2+9) " s2+9
1-— 3t
y(t) = % + sin 3t,

where we have used the tables.

2. Consider the following system of differential equations for the three unknowns

{z(t),y(t), 2(1) }:

T+ 22+ z =4, (8.1a)
J+2y—2=0, (8.1b)
Z=x—y, (8.1c)

z(0) =1, y(0) =1, 2(0) = 0. (8.2)

(a) (BH) Use Laplace transforms to show that x(t) + y(t) = 2.
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Solution. Taking the Laplace transform of (8.1a) and (8.1b) subject to (8.2), we obtain

4
st—142242= -
s

sy—14+2y—2=0 (A.1)
4

1 4 25 44 2

T j — ——— 2 — _ Y = - A2

Tty s+2( +s> s(s+2) s (8.2)
r+y=2.

(b) (BH) Use Laplace transforms to show that
s2 4+ 4s + 2 5?2 +2

x:s(82+23+2)’ v=

s(s2+2s5+2)
Solution. Taking the Laplace transform of (8.1c) subject to (8.2), we obtain

§Z2 =2 —1.

Substituting the above into (A.1), we above

sy—1+2y—2z=
(s+2)5- =1
s
(2 428)) — & + 9 = s,

where in the last line we have used (A.2) to solve for Z. Continuing to simplify, we obtain

2
(2425 +2)) =5+ =

s
L s2+2
v= s(s2 +2s+2)’
.2 s2+2 C2(s*+2542) — (s +2)
x_g_s(52+23—l—2)_ s(s2 425+ 2)
s? +4s+2

 5(s2425+2)]

(c) (MP) Invert your answer to part (b) to obtain real solutions for x(t) and y(t).
Verify your answer to (a).
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3. (BH) Use the appropriate property to show that

1

L{te'} = Go

Solution. From notes in class, we have that

Lite} = _%jt}) = _% <5—L1) = G —11)2’

as required.

4. (For this problem, you may use Mathematica to do the partial fraction expansion,
but do the rest by hand.) Consider the differential equation

(a) (MI) Use Laplace transforms to solve the problem for all w # 1.

Solution. Taking the Laplace transform, we have

1
2. O 24—
579 = (0)s = (0) —w™y = —
1 1
. _ B
4 (s—=1)(s2—w?) (stw)(s—w)(s—1) (B)
1 1 1 1 1 1
= + +
ww+1)s+w 2ww-1)s—w 1—-w?s—1
—wt ewt et

w # 1.

y(t) = 2w(w + 1) +2w(cu—1) * 1—w?’

(b) (MI) Use your answer to #3 to show that

te! —sinht
y(t):%, w=1.

Solution. If w =1, (B) becomes

. 1 1 1 1 n 1 1
YT GrDG 12 4\s+1 s—1) 21
Then using #3 to invert the last term, we have

() = et — et N tet B te! — sinht
=y 2 5

as required.
5.
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(a) (BH) Show that

[&.9] 1

—snT __
2 == (8.3)
n=0

Solution. We rewrite the sum in a more recognizable form of the geometric series:

0o 0o 1
—snT __ —sT\" __
D= () =7

as required.

(b) (BH) Let f satisfy f(t +T) = f(t) for all t > 0 and some fixed positive
number T'; f is said to be periodic with period T for ¢ > 0. Show that

JITI0)) p—— / e~ f (1) dt

1—e 3T

Solution. Since the function is periodic with period 7', we break up the integral into
pieces of length T

C{f(t) = / T ety dt = / e~ f(t) dt + / e f(t)dt+ -

T
0 (n+1)T
= Z/ e St f(t) dt.
n=0v"

T

Shifting variables so all the integrals are over the same interval, we take ¢t = u + nT" to
obtain

LiFwy =S / e=#enT) Fy 4 0T du.
n=0

But f is periodic, so f(u + nT) = f(u) for any integer n. Thus we have

e’} T T
LUy =Yoo [ et = s [ e
n=0

where in the last line we have used (8.3).

6. (BH) Recall that the greatest integer function |t] is given by the greatest integer
less than or equal to ¢. Thus |2] =2, [2.9995| = 2, |3] = 3, etc.

(a) Explain why N
[t) = ualt).

Solution. For t € [0,1), the function is zero, and then it changes to 1 at t = 1. This
part acts just like uq(¢). At ¢ = 2, it jumps up 1 again, which is equivalent to adding wus(t).
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Similarly, at each integer n, the function jumps up 1, which is equivalent to adding w,, ().
Thus we have that the function is the sum of all such functions wu,(t), so we have

[t] =D unlt).

(b) Show that

£l = gy

S

Solution. Taking the transform and factoring out e~® so we have a sum from n = 0,

we have
e—ns e—$ o0 o
clt)y =) Llun®} =) —=—> ()"
n=1 n=1 n=0
Then using (8.3) with 7" = 1, we have
s 1 1

L=< -

1—e=  s(e—1)
7. Consider the function
g(t) = (t = 2)*ua(t) — (¢ — 3)*ua(t).
(a) (MP) Plot g(t) for t € [0, 6].

(b) (BH) Calculate g.
Solution. We note that

Therefore, we have

g=eL{t -1} —e T L{(t+1)%}
e S L{t? =2t + 1} —e B L{t? + 2t + 1}

(22 1y (2,2 1
=e — —— 4+ -] —e — 4+ =+ - .
s3  s2 s s3  s2 s

(¢) (BH) Find the inverse Laplace transform of

e (s —2)
s2+4
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Solution. The e~ term indicates a shift, so we focus on the rest of the fraction:

L {32+4}_£ {s2+22 —82+22}—0052t—sm2t

o {6_82(;;12)} — w1 (B)[cos 2(t — 1) — sin2(t — 1))].

(d) (BH) Find the inverse Laplace transform of

e—(5+2)

s2—4"

Solution. There are several ways to proceed. Here we rewrite the fraction and proceed

as in part (c):
ef(s+2) Ly e Ly e 1 1
= e _— = e — —
s2—4 (s+2)(s —2) 4 \s+2 s5—-2

1 1
r1 _ _ 2t 2t
{s+2 8—2} ‘ ‘

571 e_(5+2) _e_2ul (t) [@72@71) B 62(t71)] _ Ul(t) [62(t_2) _ e—Qt]
52 —4 4 4 '

8. (BH) Find the solution of

W — W — 2w = 2 — uy(t), w(0) =1, w(0)=—1.

Solution. Taking the Laplace transform of the above, we obtain

9 _ —2s
s —s 41— (sw—1)— 2=
s
92 _ —2s
(52—3—2)w:s—2+—6
s
A 1 2+2—e_25 L 2—e %
W=————+-|5— = .
(s+1)(s—2) s s+1  s(s—2)(s+1)

We ignore the exponential when doing the partial fractions, so we have

1 C1 Co C3

s(s—=2)(s+1) s s—2 s+1
l=c1(s—=2)(s+ 1)+ cos(s+ 1)+ c3s(s — 2). (C)
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Using our trick, we substitute s = 0 into (C) to obtain 1 = —2¢;, so ¢; = —1/2. Then

substituting s = 2 into (C), we have 1 = 6¢q, so co = 1/6. Lastly, substituting s = —1 into
(C), we have 1 = 3es3, so c3 = 1/3:

e[ 1 1 1
T2-e >[_2_s+6(s—2)+3(8+1)}

1 2t —t 1 2(t—2) —(t—2)
w(t)ze‘t+2<— +%+€ )—U2(t)[——+€ + £ }

2 6 3

1 e2t-2)  —(t-2)
3 3 2 6 3 ]

9. Consider the problem

Brmo=f(8), v(0)=1, 9(0)=0;  f(t) = —uo(t) — 23 (~1)Fux(t).
k=1

(8.4)
(a) (MP) Plot f(t) for n = 15, t € [0, 40].
(b) (MP) Plot your solution v(¢) for n = 10, 15, and 20, and ¢ € [0, 40].
(c) (BH) What do you think happens as n — oo?

Solution. In each subsequent graph, the amplitude oscillations are growing for a longer
period of time and are thus growing larger. Thus as n — 0o, we expect continued growth
for an infinite period of time, leading to infinitely large oscillations.

10. In Homework Set 5, #5, we considered the following problem:

7+ 3%90 + 96z = F(t), x(0)=1/7, &(0)=0, (8.5)

where

4sint, 0<t< 2m,
F(t) = {0, t > 2m.

(a) (BH) Write F'(t) in unit-step notation.

Solution. Since F(t) turns off at ¢ = 27, we have

F(t) = [1 —uar(t)](4sint) = 4[sint — ua,(t) sin(t — 27)],

since sint is periodic.

(b) (BH) Show that

o (24 5 YA YRR N G
x—(s +32+96> [4( S >+7 stos)| (86)
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Solution. Taking the Laplace transform of (8.5) using our answer to (a), we have

1 1 1 1 e 2ms
25 A A
—slz) =0+ - = 96z =4 -
s°x 8<7) +32 (sx 7)—|— x (52+1 52+1)
N 1—e 2\ 1 1
_ 96):4 - - —
x(s Ty ( 2+ 1 )+7<8+32
i <2+S+96>_1 (o L D
T= 5"+ — —_— | s+ ==
32 s24+1 7 32/’
as required.

(c) (MP) Invert (8.6) to determine the solution for x(t).
(d) (MP) Plot your solution x for t € [0, 47].




1= Quit[]

HW1 (Checked)

HW?2 (Checked)

HW3 (Checked)

HW4 (Checked)

HW5 (Checked)

HW6 (Checked)

HW7 (Checked)

HWS8 (Revised 11/19)

Number 2c.

Note that we have to convert our exponential solutions to trigonometric functions.
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sol2cx

(sh"2+4%s+2)/s/ (SMN2+2*xs+2)
(s"2+2)/s/(sh"2+2%s+2)
InverselLaplaceTransform[sol2cx, s, t]

sol2cy

xsol = Simplify[ExpToTrig[%]]
InverseLaplaceTransform[sol2cy, s, t]
ysol = Simplify[ExpToTrig[%]]

Out[«]=
2+4s+5s?

s(2+25+sz)

Out[«]=
2+s?

s (2+25+52)
Out[«]=

1-jettbt (—l+<e2“>
Out[e]=

l+etSin[t] -e tCos[2t] Sin[t] +e tCos[t] Sin[2t] +

i (e*Cos[t]-e “Cos[t] Cos[2t] -e "Sin[t] Sin[2t])
Out[«]=

1+2Cosh[t] Sin[t] -2Sin[t] Sinh[t]
Out[«]=

leie DT (14”0

Out[«]=
1-2Cosh[t] Sin[t] +2Sin[t] Sinh[t]

These answers sum to 2, as expected:

in[-]= xsol + ysol

Out[«]=

Number 4a.

First we transform the equation; then we substitute in the initial conditions. Once we have done that, we solve for the Laplace
transform and do the partial fraction expansion.
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n[-]- eq4 =y"''[t] -omegat2xy[t] == Exp[t]
ic4 = {y[0] » 0, y'[0] » O}
LaplaceTransform[eq4, t, s]

% /. ic4
Solve[%, LaplaceTransform[y[t], t, s]]
Apart[%, s]
Out[«]=
—omega’y[t] +y’[t] =e"
Out[-]=
{y[0] -0, y'[0] -0}

Out[«]=
—omega’ LaplaceTransform[y[t], t, s] +

1
s? LaplaceTransform[y[t], t, S] -sy[0] -y [0] =
-1+s
Out[«]=
1
—omega2 LaplaceTransform[y[t], t, s] + s2 LaplaceTransform[y[t], t, s] ==
-1+s
Out[e]=
1
{{LaplaceTransform[y[t] , t, s] > }}
(-1+s) (-omega®+s?)
Out[«]=
1
{{LaplaceTransform[y[t] , t, 5] > - +
(-1+omega) (1+omega) (-1+5s)
1 1 }}
+
2 (-1 +omega) omega (-omega+s) 2omega (1+omega) (omega+s)
Number 7a.

n[-1= g3 = (t-2)"r2xHeavisideTheta[t-1] - (t-3) "2 xHeavisideTheta[t - 4]
Plot[g3, {t, 0, 6}]

Out[«]=
- (-3 +t)?HeavisideTheta[-4 + t] + (-2 + t)?2 HeavisideTheta[-1 + t]

Out[«]=
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Number 9a.

In[«]:=

Out[«]=

Out[«]=

In[1]:=

Out[1]=

out[2]=

Here there are two (equivalent) graphs, depending on how you define the function:

f5 = -HeavisideTheta[t] - 2 *Sum[ (-1) "k x HeavisideTheta[t - k], {k, 1, n}]

Plot[f5 /. (n> 15), {t, 0, 40}]
-1 (N=18&%t=>1) || (n>1&%t ==1)
LN T DL n>18&&n-t<0
-HeavisideTheta[t] - 2 2 loor 1t
E(‘l+<‘l) ) n>18&&t>18&N-1t=0
(0] True
1.0;— —_ e
0.5;
10 210‘ — ‘310‘ — ‘410
—0.5;
ok L L L

f5a = -HeavisideTheta[t] - 2% Sum[ (-1) "k x HeavisideTheta[t - k], {k, 1, 15}]

Plot[f5a, {t, 0, 40}]

-2 (-HeavisideTheta[-15 + t] + HeavisideTheta[-14 + t] -

0.5

1.0

HeavisideTheta
HeavisideTheta

HeavisideTheta

[-
[-
HeavisideTheta[-
[-
HeavisideTheta[-

13+ t] + HeavisideTheta[-12 + t] -

11 +t] + HeavisideTheta[-10 + t] - HeavisideTheta[-9 + t] +
8 + t] - HeavisideTheta[-7 + t] + HeavisideTheta[-6 + t] -
5+ t] + HeavisideTheta[-4 + t] - HeavisideTheta[-3 + t] +
2+t

+1t] - HeavisideTheta[-1 + t]) - HeavisideTheta[t]

-0.5

-1.0

10

20 30 40
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Here we use the semicolons to hide the lengthy forms of our expressions.

o )- eq510 = v''[t] +PiA2%v[t] =f5/. (n-10);

Out[«]=

DSolve[{eq510, v[O] =1, v'[0] == 0}, V[t], t];
sol510 = %[1, 1, 2];
Plot[sol510, {t, 0, 40}]

i

4
1l\p“5““;c““lc““fo
_LVu
Hin

, A

o]- eq515 = v''[t] +PiA2%v[t] = f5/. (n> 15);

Out[«]=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
I V U 0 b0 0 10
-2+

DSolve[{eq515, V[0] =1, v'[0] =0}, v[t], t];
sol515 = %[[1, 1, 2];
Plot[sol515, {t, 0, 40}]

1|

Al
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nf-1= eq520 = v''[t] + Pir2xv[t] ==f5/. (n-20);
DSolve[{eq520, v[0] == 1, v'[0] == 0}, Vv[t], t]};
sol520 = %[[1, 1, 2];

Plot[sol520, {t, 0, 40}]

Out[«]=

Number 10c.

inf-]= Lapl® = (4% (1 - EXp[-2*Pi%xs])/ (s?2+1) +1/7%(s+1/32))/ (s"2+s/32+96)
sol1l0 = InverselLaplaceTransform[lapl0, s, t]

e R L A(re)
7 \32 1+s?
96+:% +s2
Out[«]=
4 32 (Cos[t] - 3040 Sin[t])
- +

9241601

32 ¢ t/64 (\/393 215 Cos[i"e’gzjlst] ~ 194559 Sin[i\ﬂg‘zlst])
9241601 /393215

e /64 ('\/MCOS[*VT)C] —Sin{i‘/?t]) 2 et/ S'in[iwzjls t]
N _

+

7 4/393215 7 /393215
o 32 (Cos[t] - 3040 Sin[t]) 1 1t
4 HeavisideTheta[-2 1+ t] |- + 32 e
9241601 9241601 /393215

64

1 1
\/393215 Cos{— \/393215 (-2 7+1t)]| - 194559 sm{f \/393215 (—27r+t)”]
64
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Number 10d.
(-1 Plot[sol1l0, {t, 0, 4xPi}]
out[«]=
0.155 H H n H
0.10E HH HMMMMHH

|

HW9 (Checked)

SSM (Checked)



