MATH 302-010 Ordinary Differential Equations
Prof. D. A. Edwards Due: Nov. 8, 2024

Homework Set 7 Solutions (11/19 Version)

1. (BH) Consider the matrix
4 3
s=(_5 3).

Solution. Calculating the characteristic polynomial, we have

(a) Find the eigenvalues of B.

4 — )\ 3 _ s B
24++v4 -4
>\=—021:l:3i.

2

(b) Classify the fixed point at the origin.
Solution. Because the real part of \ is positive, we have an unstable spiral.

(c) Sketch the phase plane for the system x = Bx.
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2. (BH) Find the solution of

% = (j f>x x(0) = (g)

You should express your answers in terms of real functions.
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Solution. Calculating the characteristic polynomial, we have

'_3_;)‘ 13)\‘:_(3+)‘>(1_)‘)+8:)‘2+2)‘+5:0

L —24+E1-20

A 2

-1+ 2.

Now we must calculate the eigenvectors corresponding to the eigenvalues. Solving for the
first eigenvector, we obtain

. —2—-2 2
(A—(—1+22)I)z+_( 4 2_22.)Z1—0.

The second row is 1 — ¢ times the first row, so the equations are redundant and from the

first row we have
2y =2(1+1i)z - r=1,y=1+1.

Hence we take the real and imaginary parts of the following product:

(1420 (1 ot o 1
e (1+i) e [(cos2t+zsm2t)(1+l.)]
ot cos 2t 4iemt sin 2¢
a cos 2t — sin 2t cos2t +sin2t ) °

Therefore, our general solution is

. ¢ cos 2t ¢ sin 2t
x(t) = cre (cosZt—sin?t) T e2e (COSZt-l—sith ) (A

Substituting ¢ = 0 in (A) to find the initial conditions, we have

2 (1) =)= ()

01:4

~—

Cl+02:3 =4 62:—1

-t cos 2t ot sin 2t
x(t) = de (cos 2t — sin 2t) € (cos 2t + sin 2t

_ ot 4 cos2t —sin 2t
B 3cos2t —5sin2t )

3. Consider the matrix

X = <g :2>x. (7.1)

(a) (BH) Write the general solution of (7.1).
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Solution. Calculating the characteristic polynomial, we have

6— A\ -8
2 —2-A

‘:()\—6)(>\+2)+16:)\2—4)\+4:(>\—2)2:0.

Thus we have a repeated eigenvalue, so our solution is of the form
x(t) = c1e*'zy + cpe? (tzy + 7).

Now we must calculate the eigenvectors corresponding to the eigenvalues. Solving for the
first eigenvector, we obtain

4 -8
(A—2I)z1:(2 _4>Z1:0.

We note that the second row is a multiple of the first, so the equations are redundant.
Thus we must solve 2x — 4y = 0, so a typical eigenvector is z; = (2,1). Solving for the
generalized eigenvector 77, we obtain

a-mi=(y 3)i=a=(7)

dr — 8y = 2
20 — 4y =1

We note that the second equation is a multiple of the first, so they are redundant. Thus
we have that 2z — 4y = 1, so a typical eigenvector is zo = (1/2,0). Thus our solution is of

the form
x(t) = c1e? (?) + coe?t {t (?) + (1(/)2)} :

(b) (MP) Sketch the phase plane for (7.1).
4. (BH) Consider the system

x:(g S)x, x(()):G). (7.2)

(a) Write the solution of (7.2) for € # 0.

Solution. This is a diagonal matrix, so the eigenvalues are the diagonal entries, and
A = 0 is a repeated eigenvalue. Thus we have a repeated eigenvalue, so our solution should
be of the form
x(t) = c121 + ca(tz1 + 7).

Now we must calculate the eigenvectors corresponding to the eigenvalues. Solving for the

first eigenvector, we obtain
0 €
AZl—(O 0)z1—0.
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Obviously the equations are redundant. Thus we must solve —ey = 0, so a typical eigen-
vector is z; = (1,0). Solving for the generalized eigenvector 7j, we obtain

- 0 . 1
(2 )= (1)

ey =
0=0

Therefore, a typical eigenvector is 7 = (0,e~1). Thus our solution is of the form

x(t) = 1 (é) e [t ((1)) ' (Oﬂ |

Solving the initial conditions, we have

x(t) = (1+1as)' (B)

(b) Write the solution of (7.2) for e = 0.
Solution. If ¢ = 0, we have x = 0, which means that x never changes, so x(t) = (1,1).
(c) Show that if you take the limit of your answer to (a) for € — 0, you get (b).
Solution. Letting ¢ — 0 in (B), we have x(¢t) = (1,1), as required.

5. (BH) Consider the system
. 1 1 3
X:(4 1>X+(62t>' (7.3)

Using the method of undetermined coefficients, show that a particular solution

of this problem is given by
1 3 — 62t
g\ 12— )

Solution. We write our particular solution as

Xp = (Z;) +e2t(Z;>.

Plugging this formula into (7.3), we obtain
0 2t by _ 11 aj 2 by 3
(o) =2 () = (3 ) ()= ()] + (&

o (b1 (a1 +ax+3 2t b1 + b2
2e <bg - 4(11 + asg te 4b1 + b2 —+ 1 ’
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where we have grouped by function of time. Balancing the constant equations (where there
is nothing on the right-hand side), we have

0=a1+az2+3

- a1 =1, ay=—4.
0= 4@1 + a9
Balancing the e?! equations, we have
2b1 = by + bo 1
by =by=—=.
2by = 4b; + by + 1 3

Thus our solution is given by
(1 o (—1/3\ _ 1 [ 3—e*
XP_(—4)+6 (—1/3)_3 —12-e2 )

6. Consider the system

as required.

T = xy, (7.4a)
y=y—ax?+1. (7.4b)

(a) (BH) Find and characterize all the fixed points.

Solution. Setting the right-hand side of (7.4a) equal to zero, we have that either x = 0
or y = 0. Substituting y = 0 into the right-hand side of (7.4b) and setting equal to zero,
we obtain 1 — 22 = 0, so we have (&1,0) as fixed points. Similarly, substituting x = 0 into
the right-hand side of (7.4b) and setting equal to zero, we obtain y + 1 = 0, so the final
fixed point is (0, —1).

Calculating the Jacobian in general, we have

o=, )

Then evaluating the Jacobian at each of the fixed points, we have

J(O,—l):(_ol ?) — A=—1,1,

so (0,—1) is a saddle. Continuing, we have

J(l,O):(_O2 })

’—,\ 1

1£v1-8
-2 1-=-A '

’:A(A—1)+2:>\2—)\+2 = A= 5
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Therefore, (1,0) is an unstable spiral. Examining the last fixed point, we have

J(—1,0) = (g _11)

‘—)\ 1

—_ _ — 2_
. 1_)\'_)\0\ ) +2=2 - A+2,

so (—1,0) has the same eigenvalues as (1,0) and hence is also an unstable spiral.
(b) (MP) Sketch the phase plane.

7. (BH) For the two systems below, characterize the fixed point at the origin, and
discuss what might happen to the fixed point if nonlinear terms are added to the

equations.
T=-2r—y
(@): .
Y =5z + 2y

Solution. Rewriting in matrix form, we have x = Ax, where

-2 -1
A= ( 2 > |
The eigenvalues are given by

‘—2—)\ -1

. 2_)\':(/\—2)()\+2)+5:/\2+1:0.

Therefore, A = 44 and the origin is a center. With nonlinear terms, the origin can remain
a center or become a spiral.

T =—4x -y

(b) :

y=x-2y

Solution. Rewriting in matrix form, we have x = Bx, where

—4 -1
B= ( o 2) |
The eigenvalues are given by

_41_A _;iA’ =A+4HA+2)+1=X4+61+9=(\+3)*=0.
Therefore, we have an improper stable node. With nonlinear terms, the origin can become
a regular stable node or a stable spiral.
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8. Consider the system

i =x(z? + p) — 3y, (7.5a)
y = xy + 3. (7.5b)

(a) (BH) Show that (7.5) exhibits a Hopf bifurcation as p passes through zero.

Solution. Changing into polar coordinates, we calculate

d(r?)  d(x* +y?) . :
dt dt T+ 2YY

Substituting (7.5) into the above, we have

(r*)

dt

2ri = 2(r? cos® 0)(r? + )
7 = 1(cos® 0)(r® + ).

U

= 2z[x(x? + pu) — 3y] + 2y[x?y + 3z] = 222 (2 + y* + p)

Therefore, we see that » = 0 (the origin) is always a fixed point. If g > 0, then 7 > 0
for all » and the origin is unstable. However, if ;1 < 0, then there is a limit cycle with
r = +/—pu, and the origin becomes stable.

(b) (MP) Sketch one phase plane for the system for u positive and one for p
negative. Make sure that the axes are large enough to illustrate the limit
cycle.

9. (BH) Calculate the Laplace transform of the following functions. Use the defini-
tion, not the table. For what range of s will the transforms exist?

(a) coshwt
Solution.
o%e} e wt —wt
L(coshwt) :/ e *' coshwt dt :/ e 5t (%) dt (C.1)
0 0
1 00 1 ef(s w)t ef(erw)t b
_ = —(s—w)t —(s4w)t dt = =
2/0 ¢ te 2{—(s—w)+—(s+w)]0

1 1 1 S
= - = . C.2
2(s—w+s+w> 52 — w? (C.2)

For this to exist, s —w >0 and s +w >0, s0 s > |w|.
(b) sinhwt. In this case,

L{sinhwt} = / e *' sinh wt dt. (7.6)
0

Solution.

‘ 0o s oo L ewt _ e—wt
L(sinhwt) = e *'sinhwtdt = e — dt.
0 0
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But this is just (C.1) with a minus sign between the terms instead of a plus, so we make
the same adjustment to (C.2):

1 1 1
L(sinhwt) = = (3 ) =Y

2 —w sHw 52 —w?’

For this to exist, s —w >0 and s +w > 0, so s > |w|.
(c) tsinhwt.

Solution.

o oo —st : h
L(tsinhwt) = / e S'tsinhwt dt = —/ o(e”™) sinh wt dt = _ 9(L(sinhwt))
0 0 Os 0s

__2 w B 25w
s \ 82 — w2 _(52—w2)2’

where we have used (7.6). For this to exist, s —w > 0 and s + w > 0, so s > |w|.

10. (MP) Calculate either the Laplace transform or the inverse Laplace transform of
the following functions:




2 |

out[

out[

out[

302F24Key.nb

Number 3b.

b3 = {{6, -8}, {2, -2}}

field3 = b3.{x, y}

StreamPlot[field3, {x, -3, 3}, {y, -3, 3}]
=

{{6, -8}, {2, -2}}
]:

{6x-8y, 2x-2y}

]=

o
T T T T T [ T T T T [ T T T T [ T T T T [ T T T T [ T T T T [T
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Number 6b.

inf-1:- field6 = {x*xy, y- (X) 22 +1}
StreamPlot[field6, {x, -3, 3}, {y, -3, 3}]

Out[«]=

{xy, 1-x*+y}

Out[«]=

-
e

Number 8b.

in[-]:= vecsys8 = {X* (X*"2+mu) -3 xy, X "2y + 3 %X}

Out[«]=

{x (mu+x?) -3y, 3x+x*y}



4 | 302F24Key.nb

3}]

_3,

in[-]= StreamPlot[vecsys8 /. (mu->1), {x, -3, 3}, {y,

Oout[«]=

in[-1= StreamPlot[vecsys8 /. (mu- -1), {x, -3, 3}, {y, -3, 3}]
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Number 10a.

in[-]1- quesl@Pa = 1/ (s"4-a’4)

InverselLaplaceTransform[quesl@a, s, t]
Out[«]=

Out[«]=
-e?t+2Sin[at]

4 a3

Number 10b.

in[-]- queslOb = t*Sin[2xSqrt[t]]
LaplaceTransform[ques10b, t, s]

tSin[2 ~/t]

Out[«]=

Out[«]=
es \fr (-2+35s)

2 S7/2

Number 10c.

in[-]:= queslOc = Exp[-1/1t]/Sqrt[t]

LaplaceTransform[queslOc, t, s]

Out[«]=
(efl/t

NG

Out[«]=

eV
Vs

Number 10d.

in[-]:= queslOd = Exp[-1/s]/Sqrt[s]

InverseLaplaceTransform[queslod, s, t]
Out[e«]=

e—l/s

s

Out[«]=

Cosh[2 +/-t]
NS





