MATH 302-010 Ordinary Differential Equations
Prof. D. A. Edwards Due: Oct. 25, 2024

Homework Set 6 Solutions

1. (BH) Consider the following matrix and vectors:

1=(a 1) v=(3) == (5)

(a) Show by direct multiplication that v; and vo are eigenvectors of A, and find
the corresponding eigenvalues.

Solution.

(AN~ aes
(A (E)-(E)(2) = s

(b) Consider the three vectors —vy, 3vy, and —vy + 2v,. Determine by direct
multiplication which (if any) are eigenvectors, and find the corresponding
eigenvalues.

Solution.
(DD ()e(D) = res
= (L 0) (Go) = () =2(5a) - = e
eves= (3 1) () ()

A(—v7 + 3vsg) is not a multiple of —vy + 3va, so —v; + 3vy is not an eigenvector for A.

2. Consider the following matrix and vector function:

-3 6 -3\ _
B:( 1 _2), W1:( 1)e5t, Wy — tW1.

(a) (BH) Show by direct multiplication that w, = Bwy.

Solution.
) -3\ _ 15 _
=5 ()= (15) e

. -3 6 -3 —5t __ 15 -5t
w= (0 2) (1) =(5)
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(b) (MP) Show by direct multiplication that wo = Bwy + wy.

3. Consider the following matrix and vector:

(18 ()

(a) (BH) Calculate det C.

Solution.

det C = ‘? ‘2" — (5)(2) — (4)(1) = 6.

(b) (BH) Calculate C 1.

Solution. Using the inverse formula for 2 x 2 matrices, we have

o1 1 2 -4\ _1/ 2 —4
T detc \=1 5) " g\—-1 5/

(c) (BH) Solve Cx = b.

Solution. The solution is given by

sen=g (4 ) (A)=a ()= (5)

(d) (MP) Check your answers to (a)—(c) with Mathematica.
4. (BH) Prove that A = 0 is an eigenvalue of A if and only if A is singular.

Solution. We must prove the statement in both directions. If A is singular, then there
is a nonzero vector z such that Az =0 = 0z. Thus A = 0 is an eigenvalue for A. In the
opposite direction, we see that if A = 0 is an eigenvalue for A, there is a nonzero vector z
such that Az = 0z = 0, so A is singular.

1 3
A= ( h 2) .

(a) (BH) Calculate the characteristic polynomial of A.

5. Consider the matrix

Solution.

1—A 3

PA(A):‘ 42—

’:(1—/\)(2—)\)—12:>\2—3>\—10.

(b) (BH) Find the eigenvalues of A.

Solution. Setting the characteristic polynomial equal to zero, we have

M _3XA-10=\-5)(A+2)=0,
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SO )\1 = 5, )\2 = —2.
(c¢) (BH) Find the eigenvectors of A.

Solution. Solving for the first eigenvector, we obtain

-4 3
(A—5I)Z1: ( 4 _3)Z1:0.

The first row is minus the first, so we have the single equation 4x — 3y = 0. For simplicity,
we take y = 4, which means that x = 3. Hence the eigenvector is of the form

(1)
Z; = C 4/

for some constant ¢;. Solving for the second eigenvector, we obtain

3 3
(A+2[)Z1 = <4 4)Z1 =0.

The rows are multiples of each other, so we have the single equation 4x + 4y = 0. For
simplicity, we take x = 1, which means that y = —1. Hence the eigenvector is of the form

1
Zy = C2 1)
for some constant cs.

(d) (MP) Check your answers to (b) and (c¢) with Mathematica.
6. (BH) Let x(*) and x(® be solutions of

d [z P11 P12 ) (I1 )
- — A
dt (902 ) <p21 D22 T2 )’ (4)

and let W be their Wronskian.
(a) Show that

M_ ign @&2) ) Ign wgz)
dt xgl) x§2) a'cél) :tg?)‘
Solution.
aw _d |z 2 _Hi[<n @ @)(U}
dt di xél) xgz) Tt Ly "Tg Ly T

(@) @) 1) W.@ @.m]_|aY @ (e
= [xl Ty ' — @Iy Ty }4'[5’71 Ty — Xy Ty ]: n @t @]
Ly Ty Ty Xy
(b) Show that
dw
= (p11 + p22)W. (B)

dt
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Solution. Using (A), we have

(1) .(2
375) 55(1) P11Ty ~ + P12%y°  P11xy  + P12Ts

o

‘ (1) (1) (2) (2) ‘

xél) xg2) xgl)

= [pnxﬁl) +p12$él)} a:é” - [pllfl??) +p1233§2)] 3351)

= puxil)xéz) - pux?)xél) =pnuW.
xgl) xgz) xgl) xgz) ‘
ﬂ'ﬁél) :té” pzwgl) +p2296§1) p21l’§2) +p2293;2)

= $§1) [P21l‘§2) +p225€(22)} - 9652) [p2130§1) +p22$gl)]

= pQQIEgl)IEgQ) - p22$§2)l‘§1) = poW

aw

- (p11 + p22)W.

(c) Solve (B) and show that either W is identically zero or never vanishes.

Solution. Solving (B), we have

aw
— =pu(t t
W p11(t) + p22(?)

logW = /pn(t) —|—p22(t) dt + A

W= Cexp (/pu(t) + paa(t) dt) ,

where C' = e is a constant. If C = 0, W is identically zero. If C' # 0, W never vanishes.
7. (BH) Consider the vectors

(1), o= (F)

(a) Calculate the Wronskian of x(") and x(?).
Solution.

W[x(l),x@)] -

ot
‘6 e2te = (6 +2t)e".

(b) Where are x(!) and x( linearly independent?

Solution. The solutions are linearly independent wherever the Wronskian is not zero,
i.e., where t # —3.

(c) What conclusion can be drawn about the coefficients in the system of homo-
geneous differential equations satisfied by x(!) and x()?
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Solution. Since the solutions are not linearly independent at ¢ = —3, we expect that
at least one of the coefficients of the system will be discontinuous at ¢t = —3.

(d) By direct substitution, show that x(*) and x(?) are solutions of

sl te ) o

and hence verify your answer to (c).
Solution. Substituting the solutions into (6.1), we have

& = ((1)) - tj%g ((1 —tt)/2 _46) (?) - H% <3(16:)6i4t) B ((1))
K@ = (_62tet> B H% ((1 —tt)/2 _46> (_ftet) H—% (—(IZfett)e_t iezlet)
(%)

as required. Note that all the coefficients of (6.1) are discontinuous at ¢t = —3, as surmised.
8. (BH) Consider the system

(a) Show that the eigenvalues for this matrix are Ay = —2, Ay = —3.

Solution. Calculating the characteristic polynomial, we have

_12_A —ix — (L N)A+A)+2=22+5A+6=(A+2)(A+3)=0.
Thus we have the desired result.
(b) Find the general solution x(t) of this system.

Solution. Now we must calculate the eigenvectors corresponding to the eigenvalues.
Solving for the first eigenvector, we obtain

1 -1
(A+2])Z1:(2 _2>Z1:O.

We note that the second row is twice the first, so the equations are redundant. Thus
we must solve x —y = 0, so a typical eigenvector is z; = (1,1). Solving for the second
eigenvector, we obtain

2 -1
(A+3I)Z2:(2 _1>Z2:0.
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We note that the second row is minus the first, so the equations are redundant. Thus we
must solve 2z — y = 0, so a typical eigenvector is zo = (1,2). Therefore, our solution is

given by
x(t) =c e~ 2t 1 + coe 3t 1
1 1 2 2/

(c) What happens to the solution as t — co?

Solution. As t — oo, the exponentials decay to zero and we are left with

lim x(t) = 0.

t—o00

X:<:Z§)X' (6.2)

(a) (BH) Find the solution to (6.2) subject to

x@)::(g).

Solution. Calculating the characteristic polynomial, we have

9. Consider the system

4 5| =ETENB =N 4R2=X 420 -3 =(A+3) A1) =0

M =-3 J=1

‘—7—A 8

Now we must calculate the eigenvectors corresponding to the eigenvalues. Solving for the
first eigenvector, we obtain

—4 8
(A+3])Z1:(_4 8>Z1:O.

We note that the rows are the same, so the equations are redundant. Thus we must solve
—4z + 8y = 0, so a typical eigenvector is z; = (2,1). Solving for the second eigenvector,
we obtain

(A—U@:(ii_i)mza

We note that the first row is twice the second, so the equations are redundant. Thus we
must solve —8x + 8y = 0, so a typical eigenvector is zo = (1,1). Therefore, the general

solution is given by
x(t) = cre™ 3 (i) + co€t <1) . (C)

Substituting ¢ = 0 in (C) to find the initial conditions, we have

201+02:3

- cp =3, cg=-3.
Cl—|—62:0
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Therefore, the final solution is

x(t) = 3¢ (?) — 3et (})

(b) (MP) Plot 1 and x2 from (a) for ¢ € [0, 4].
(c) (BH) For a certain set of vectors xgp, the solution to (6.2) with x(0) = xq
decays to zero as t — 0o. Determine xg.

Solution. In order for the solution to decay, co = 0 in (A). Then plugging in ¢t = 0, we

have
x(0) =x¢0 =1 (?) )
(d) (MP) Choose an xy which satisfies your answer to (c), then plot z; and x2
for ¢ € [0, 4].
10. (MP) Consider the system

. 1 (—47 2
X =17 ( 12 _52> X. (6.3)

(a) Show that the eigenvalues for this system are \; = —4, Ay = —5, and find
the corresponding eigenvectors.

(b) Find the general solution x(t) of this system.

(c) Find the solution of the initial-value problem given by (6.3) and x(0) = (4, 0).

(d) Sketch the phase plane for this system.




In[«]:= Quit [1]

HW1 (Checked)

HW?2 (Checked)

HW3 (Checked)

HW4 (Checked)

HWS5 (Checked)

HW6 (Checked)

Number 2b.

- b4mat = {{-3, 6}, {1, -2}}
wl = {-3, 1} *xExp[-5=*t]
w2 = txwl
D[w2, t]
b4mat.w2 + wl

out[«]=
{{-3, 6}, {1, -2}}
out[]=

{73 eSt, e'St}

Out[«]=
{—3 et t, et t}

Out[«]=
{—3 e”t+15 e’Stt, e’St—Se’Stt}

out[«]=
{—3 e ti15e>" t, e t-5e3" t}
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Number 3d.

nf-]:- cmat = {{5, 4}, {1, 2}}
b5 = {7, -1}
Oout[«]=

{{5, 4}, {1, 2}}

Out[«]=
{7, -1}

Check 5a.

in[-1:= Det[cmat]

Out[e]=
6

Check 5b.

n[-1:= Inverse[cmat]

Oout[«]=

1 2 1 5
{3 3h g gl
Check 5c.

in[-1= Solve[cmat.{x, y} == b5, {x, y}]
Out[e]=

{({x=>3,y->-2}}

Number 5d.

ml-1= b5 = {{1, 3}, {4, 2}}
Eigensystem[b5]
Out[«]=
{{1, 3}, {4, 2}}

Out[«]=

({5, =23, {{3, 4}, {-1, 1} }}

Number 9b.

We define the solutions generally so we can easily use both parts.

in[-]= sOl2 = cl*Exp[-3*t] *{2, 1} +c2+Exp[t] » {1, 1}
Out[«]=
{2 cle3t+c2 et, cle3t+c2 et}



m(-1:= sol2b = sol2 /. {c1l-» 3, c2 > -3}
Plot[sol2b[1], {t, 0, 4}]
Plot[sol2b[2], {t, 0, 4}]

Out[«]=

{6 e‘3t—3et, 3e_3t—3et}

Out[e]=

-50F
-100 -

-150 -

Out[«]=

N

_50
-100 -

-150

Number 9d.

For simplicity, we choose c1=1.
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in[-1= sol2d = sol2 /. {c1->1, c2 > 0}
Plot[sol2d[1], {t, 0, 4}]
Plot[sol2d[2], {t, 0, 4}]

Out[«]=
{2 e—3t, e—3t}

Out[e]=

06f

03fF
02f

01fF

N
N

Out[«]=

030
025}

0.20f

Number 10a.

(-1~ b4mat = 1/11« {{-47, 2}, {12, -52}}
Eigensystem[b4mat]

Out[«]=
47 2 12 52

-5, 20 (5 - 2)
{5, -0, ({20 1h {20 1))

Out[«]=
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Number 10b.

In[-]:= Xvec = {x[t], y[t]}
vecsys = D[xvec, t] == b4mat.xvec

DSolve[vecsys, xvec, t]
Oout[«]=

{x[t], y[t]}
Out[«]=
47T x[t] 2y[t] 12x[t] 52y[t]
(X[t yIE)) = {- ' : - }
11 11 11 11
Out[«]= 1
{{X[t]%—e’St(3+8et) cy + eSt(—l+e)c2,
11 11
12 1
5t t -5t t
Y[t]%E@ (*1+@)01+E@ (8+3e)c2}}
Number 10c.

in[-]- DSolve[{vecsys, (xvec /. (t-»0)) = {4, 0}}, xvec, t]
Out[«]=

{{x[t] - 141 et (3+8et) , Y[t] = ji et (—l+et>}}
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StreamPlot[tostream, {x, -1, 1}, {y, -1, 1}]
47x 2y 12x 52y

{_
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Number 10d.
n[-]- tostream = b4mat.{x, y}

out[«]=
Out[«]=

SN0
/
S\
o IS
/N///w//////é\\\\\\w\w\wm\\
NW///V/M///,/U/V, //k/.\ VNN\NM\\\\\\\\\NWM
)
B =
e IS
IS
S %////MW//
\\\\\\\\\\ 4 ///////
VAN R AR RN

1.0

0.5

0.0

-0.5

-1.0

HW7 (Checked)
HWS8 (Checked)
HW9 (Checked)
SSM (Checked)



