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1. Introduction 

This is a brief summary of some calculations of the stress field induced by a moving point 

heat source on a relatively thin sheet of metal. First, the temperature field is calculated. 

Then the stress field according to linear thermoelasticity is calculated. 

Some features of the stress field can help to explain the existence and the location of 

some cracks that occur in a welding process. A laser or electron beam can produce the heat 

source. 

The basic assumptions are: 

(i) plane temperature field T(x',y) 

(ii) steady field in frame fixed in source 

(iii) source is at a point 

(iv) plane stress ~ = 0 

2. Temperature Field 

The physical set up appears in Figure 1. 

In a coordinate system fixed in the uniformly moving heat source the heat equation for 

the temperature 'I"(° K) is 

8T' ( &21" &21") 2 
pelf ar = k a:r2 + 8y' + Qo6(:t)6(y' ) 

U - speed of heat source in coordinates fixed in material at rest 

p - density, 
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c = specific heat, 

k - thermal oonductivity, 

Qo - rate of energy addition per depth (z') 

A scaling, as follows, puts the problem in dimensionless form in tenns of these variables 

where 

Ur 
x=-, 

K, 

K, = 

r -

Uy' 
y=~, 

diff 
. . k 

USlVlty = -
pc 

T( ) 
= T(x, y') 

x,y T• 

characteristic temperatlll'e 
Qo 

=-
~ 

In general there is a melting isotherm T = TM(X, y) and a pool of melt around the point 

sourre. The thermal problem is solved neglecting the heat of fusion (usua.lly relatively small) 

and assuming that the properties of the melt are the same as those of the solid. 

The basic solution is well known 

T(x,y) = elKo (i), 
The behavior of the modified Bessel function is 

Ko (i) 1 - --logr+··· r--+ 0 
21r 

~ ~ 
r 

e-1 +··· r--+oo 

Thus as r--+ oo 

T(x y) ~ fire}(z-r) + .. • ' y;1 

The qualitative form of an (asymptotic) isotherm is shown in Figlll'e 2. 
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3. Thermal Stresses 

In linear thermoelasticity thermal expansion acts as a pressure. The thermal strain is pro­

portional to r 

strain= aT' 

a = coeff. of thermal expansion. Thus the stress-strain law is modified to read ( cf Timer­

shenko and Goodier, Theory of Elasticity (TG)) 

where 

See Figure 3. 

u' _ E (au'+ v 8v' - (1 + v)aT) normal stress in x' 
:i: 1-v 2 8x' 8y' 

u; - 1 ~ 112 (:: + v :; - (1 + v)aT) normal stress in y' 

E (8v' 8u') -,' - 2(1 + v) ox' + oy' shear stress 

E - elastic modulus 

u' 1 v' - displarements in x', y' 

v - Poisson ratio 

(TG) show that for this case a potential 4' exists (no rotation introdured into displarement 

field) so that 
I 0</1 

u = 8x'' 
I 0</1 v=-

8y' 

This problem can also be put into dimensionless form with the following scaling 
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1-v 

Then the basic equations for the potential are 

equilibrium 

a.nd from the heat equation it follows that 

modulo a harmonic function. The resulting stress field is 

T = 

-+v--T=(l-v) --T 82</, a2</, (8T ) 
8x2 8y2 8x 

8T 
(1- v)­

&y 

The temperature field is given by the basic solution for the heat source. Note that there are 

no dimensionless parameters left in the solution. The stresses are calculated neglecting the 

melt. 

a.nd 

a% - -½el { Ko (i) + K1 (i) 00s6} (1 - v) 

<rr - -½et { K0 (i)- K1 (i) cos8} (1 - v) 

It turns out then that the principal stresses are 
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The principal stress directions are constant on rays since the principal directions are 

( cf Figure 4) 

(J 
{3= -, 

2 

(J ,r 
-+-2 2 

Since K1 (i) >Ko(;) > 0 

<11 = compression, <12 = tension 

When 8 = J, right angles to the direction of motion, the tension acts normal to a line at i 
to the x-axis. In certain experiments cra.cks at some distance from the source were observed 

in this direction [l]. This would be possible if the tensile stress were sufficiently high and a 

tension failure occurred. 

Some numerical values for this experiment in Ti - Al are 

fM - thermal strain =<XTM 

- (10 X 10-6)(1500°) = .015 

UM - EEM = (1.6 x 10-6)(.015) = 240, 0OOpsi 

Uyidtl :::'. 170,000 psi 

T* == Qo = 10"~ = 105oK 
k 10- 1...!!!!!. c:mOK 

T = 105e~Ko (Ur'), U = ~ = 10 

21t " .1~ cm MlC 

This gives roughly the dimensions of the melt as on Figure 4 and shows that the yield stress 

can be exceeded outside this region. 

4. Comments 

This calculation indicates general features of the stress field and is & first step in the under­

standing of the problem. The real problem involves much more physics. The melt should 
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be incorporated in the solution. More detailed characterization of resolidified material is 

needed. The irreversibility of the problem needs to be considered. (0. Ryzhov) For exam­

ple, if an energy pulse is put into a solid and then turned off the melt grows and shrinks. 

The temperature distribution is different when the melt is growing or shrinking but at the 

same radius. Certain periodic cracks [1] appearing along the bead and normal to it are not 

explained at all by the considerations so for. 

There is a large literature on this subject which needs to be digested. Different explana­

tion are offered to give the same results. 
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