Particle in a 1-Dimensional box

¥ = 0 outside the box

E,
The solution in the well:
n* d*v
W)= | Vv=0 | K=o - 5 =EY
(barrier) | (well) | (barrier) 2m dx
0 a X
This must be solved subject to the condition
that ¥ be continuous at all points in space
2
d j’ +2m;E =0
dx h
Particle in a 1-Dimensional box
2
d*¥  2mEy_
dx~ h”
E Using trial method, can find that only
exponential function works: W(x)=exp(sx)
2= 2ME o
2
V)= | =0 | Mx)=n h
(barrier) | (well) | (barrier)
0 a ! s=tiNIME _ i

The general solution:
¥ (x)= A, exp(ikx)+ A_exp(-ikx)

or
Y(x)=Ccos(kx)+ Dsin(kx)
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Particle in a 1-Dimensional box

Y(x)=Ccos(kx)+ Dsin(kx)

. The singlevalued-ness criteria requires that
the functionis O at x =0 and at x = a.

The first result means that C =0

M=o | V=0 [ Hx)=e The second gives:

(barrier) | (well) | (barrier)

0 a X sin(ka)=0, which is only true if ka=nr~,

where n is a positive integer

Thus:
o~ 2,2
iV2ME i i and E,=" }72 (here h="")
h a Sma 27

The boundary conditions restrict energy to
only have certain values. This is called
quantization.

Constant D is not determined by previous
N V-0 conditions but can be found from
(barrier) | (well) | (barrier)

0 a X normalization condition:

on a
jw*(x)w(x)dx= j y* (o () =1

@ 0
W, (x)= \/jsin! nm|
a a
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Particle in a 1-Dimensional box

Particle in a Simple extension:
3-Dimensional box 0<x<a; 0<y<b; 0<z<c
H=H,+H,+H, such that
Hyyy=Exy
H W= E Wy
Hyy,=Ey,
E=E_r+Ey+EZ
=y (W, Dy £(2)

L (nomey | (M) oz
w(x.y,2)=| 8 sin X" lsin " |sin|-Z
abe L a) | b ] | ¢

5.2

g h=|n
E=E +E +E.=" | X+
LA Smia2 b < |




Particle in a hz'nz n? 2
3-Dimensional box E:E}+Ef+EE=8 §+ ¥+ %
The concept of degeneracy, g: ma- b” ¢ )
Let’s make a=b=c (cubic box) butifa=b =c, then:
BB el (et
VT gl ¥ Y 2
(2,2,1) (2,1,2) (1,2,2)
(2,1,1) (1,2,1) (1,1,2)
ey
Particle in a finite depth box
= 3 ‘//\:"/’ -V
Vi -v, |d<t
| {0 | >z x-'f‘ 9
Bopskx
c‘?ﬂ‘#
il [ = P @&
Evén solatien 75" odd salutien
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Comparison of finite and infinite potential

Finite potential and tunneling:
Scanning tunneling microscopy

Tunneling Distance

Piezoelectric tube
with electrodes

Control voltages for piezotube
control
current amplifier and scanning unit

Tunneling
voltage
T

P
—
N,

Data processing
and display
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Finite potential and tunneling:
Scanning tunneling microscopy

Image of reconstruction on
a clean Gold(100) surface

C., on Graphene

The 1-D Harmonic Oscillator




Quantum mechanical Harmonic Oscillator:
Model for Vibrational motion

The 1-D harmonic oscillator
Hamiltonian

 Particle (mass m)
attached to a spring

of force constant, k x=R-Req

_ ¥

» Potential energy
depends on position R
as a Hooke’ s-law 2 2
spring
— LZ + EXZ
2m 2
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Classical solution of the 1-D
harmonic oscillator

» Solve for trajectories

for constant energy X{t) = 2E2 cos ot
« Fundamental Ma,
frequency, o, p(t) = —+2mEsinagt
* Oscillatory motion K
« Maximum @ = \/%
displacements are
classical turning
: 2E
points Xpex = =T 5
~ E = V() M@

Quantum 1-D harmonic oscillator

« Schroedinger’ s equation
HY =
h oY k ,
- + =X
2m Ox 2
* Convenient to make dimensionless equation

d?y
dy?

X hz 1/4 2
a (mk} hao,

« Hermite’s associated differential equation

EY

Y = EY

- VY + & =0

E
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1-D harmonic-oscillator wave
functions and energies
* Wavefunctions

2
¥ (x) = AJHU(x/a)exp(—zsz v = 01,230
(04

* Energy eigenvalues

E, = (U + l)ha)o = (U + ljhv0
2 2

Energy levels

e The 1-D harmonic 5
oscillator has equally
spaced energy
states

« Energy spacing 1 ?
depends on the — 1
fundamental
frequency

Energy

* Energy levels are n
nondegenerate

— One state per level

4/12/2016



Harmonic-oscillator wave functions

 Harmonic-oscillator wave functions are
related to the Hermite polynomials

» Hermite polynomials are well-known
sets of functions

v H,(y) Symmetry
0 1 Even

1 2y Odd

2 4y2 -2 Even

3 8y3 — 12y Odd

Wave functions

» Hermite polynomials
multiplied by a
Gaussian function

* Note alternation in
symmetry about %
Xx=0
— Even
— Odd

4/12/2016
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Probability Functions

* The square of the Y
wave function gives i
the probability

density at each SO .

position \ /\ |
 Finite possibility the — «f j d\ \ 1

particle is outside of [ ZLL/UN VM VNN

the classical turning 4
points

Quantum mechanical Harmonic Oscillator:
Model for Vibrational motion

Vi E,=The

5h
Y E =S

Vi) E = 3‘;@

KE v, E,=Tp K‘z

11
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Angular Momentum and the
Rigid Rotor

Classical rigid rotor

* Rigid rotor model: A i
particle of mass m fixed to oo
a massless rod

12



Classical rigid rotor

* Physical observables: oo Right-hand rule

angular velocity a
dé
o] ===
dt
angular acceleration

dje| d°
a= =_

dt  dt’ _
kinetic energy P4 7

P NS
1 1 1 7,
Ekin == mV2 = _/«lrza)z =— I 0)2 . ' | (out of page)
2 2 2

(c)

N

Right hand

Angular momentum

Vector property that

describes circular motion

of a particle or a system of v
particles

Rigid rotor model: A L = X p

particle of mass m fixed to
a massless rod ., ;
Examples i / _
— Swinging a bucket of ﬁ‘
water v
— Movement of the /,
Earth around the Sun (out of page)
()

4/12/2016
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Classical angular momentum

e Linear motion (Newton’s L
2" Law)

F:ma:d—p

dt —
* Angular motion L - I X p
L=rxp; N A
L = prsing = uvrsing P‘-/

N 5
2u  2ur® 2l

(out of page)
(b)

Classical constant-angular-
momentum problem

Solve for trajectories for constant angular momentum
Frequency, ®, must be constant
r must be constant

Constant L is provided by the fact that r and w are
constant

L = constant = mriwk
rt) = r(icosot + jsinot)
p(t) = mro(-isinet + jcosot)

4/12/2016
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Quantum angular-momentum
operators
* Vector definitions
L = Li + Lj + Lk
L = LeL = L2+L2+L
* Expression by correspondence
~ . Pl 0 ~ . 0 0 ~ . 0 0
L, = —|h[ya—zaj L, = —|h(z&—x§j L, = —|h(x5—y&j
2 = I:2X+I:2y+lif

* Form of operators with a fixed r
= —iharxV
= —hz(rxV)o(rxV)

rl

Quantum angular momentum

e Commutators of operators
[I:X,I:y = th:Z and cyclic permutations
0] = o

* Can have common set of eigenstates of L2 and any
one component

LW, = ki®P,
LY, = ma¥

km

4/12/2016
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Operators in spherical co-ordinates

e Natural system for
describing angular
motion is spherical co-

I_)

. = in sin(/ﬁi+cot9cos¢i
06 o¢

. - : 2 9
ordinates L, = —|h(cos¢a‘9—cot€sm¢a¢J
L, = —iha%
* L,depends only on ¢ - A
— Suggests that the wave L = —hz[égﬁcowaf Sin? 96¢2j

functions may be written
as a product

Tkm(9'¢) = ®km(9)®m(¢)

Differential equations for angular-
momentum eigenstates

* The z component yields a
simple differential
equation for @, —iA 8CDm
e The square of the angular
momentum yields an
equation for ©,, (= 0%, 0o,
P(cos0) ‘( Tcotg— b

06° 06 sin’@
— Legendre’s associated
differential equation

— Depend on a quantum Y[m (9’ ¢) _ Alm P[|m| (COS 9)(Dm(¢)

number, ¢

= mhd

m

G)kmj = I(G‘)km

« Solutions are a complete Where

set called the spherical k = g(g+1) and ¢ = 0,12,...
harmonic functions

16



Angular-momentum wave functions

* Functions of ¢ are exponentials

©,(4) = %exp(imqﬁ)

* Legendre polynomials

|m| Pllml

0 1

cos@
sin@
3c0s?6- 1
singcosé
sin2g

NN P PO N

N = OB O

2

* Should look familiar, as these are the angular
parts of hydrogenic wave functions

Quantum rigid rotor

>

1 I:Z

e Hamiltonian H =
2mr;

* The Hamiltonian commutes with L? and L,

— The three operators have a complete set of
eigenstates in common

HAng (9! ¢) = EémY/m (0' ¢)

1 -~ 1
2 LZY/,m (‘91 ¢) = omr2 K(ﬁ + 1)h2Y/,m (‘91 ¢)
0 0

h2
E = 0ne+1
14 2mr02 ( + )

4/12/2016
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Spherical harmonics

ey oy o 32
Ju—\/ﬁ(h =Y = T ,1«—}“—1@ 2?2422
ety - (22 S
ezt =Ygy [ 115 at—g?

dpa_p = ‘f% (¥ +¥7)

Yi(6p) = %\/;-r”-g
YO0, 0) = %\/; cas
Yl(H,,):_T]\/%-c' in 0 :—Tl %( T )
! ‘Ij e~ sin? @ -1 "’E( - w)?
™ 1Y 2r r?

3 ,‘ﬁ‘r osingcosd = gf5

27
Yoo =12 Beosta—1y =1 [5 @2-a-y)
2(0) = gy - (Beos?d - S E =
‘ 115 -1 [15 (a+i
)u'(H»?):T\,“E-r'-nmﬁ cosf “TVm e

- 115 . ., 1 [15 (z+iy)?
y_,-(a;):]\,‘T’_‘Nm\m-n =W e

0=13 L
6
* Rigid rotor’s energies determined by
the quantum number, /
g="1
. 5
* Each energy level is degenerate 9= 9 4
— States with different values of m have
the same energy g=7 5
g, = 20+1 CRLE
9=3 4
4=1 0

4/12/2016
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Spatial quantization of angular
momentum e

L, L, L, cannot be known simultaneously- do

not commute

* L=L+L+L, cannot lie along z;

212 =12 +L% =1(14+1)7* -

circle terminating the cone at its open end

quantized

¢ The vector can have only certain
orientations in space

Can only know |L| and one component, L,
m’h’

All the possible magnitudes of L are

Spin

Goudschmidt and Uehlenbeck
proposed electronic “intrinsic

PRINCIPAL SPIN QUANTUM NUMBERS OF
PARTICLES

angular momentum” to Electron %
explain spectroscopic Proton %
anomalies
Fundamental property of Neutron Ve
particle called spin Deuteron 1
— Often labeled I or S
— Acts like other quantum angular | 22C 0
momenta
— Integer or half-integer values =C v
Dirac theory of an electron 2Na Y
— Consequence of relativistic
motion of electron ZTAl 5/2
63Cu and 65Cu 3/2

4/12/2016

19



Hydrogen Atom

Hydrogen atom in quantum mechanics-
electron moving about a proton located at
the origin of the coordinate system

Coulomb potential

e €

47rgo|r| __47zgor

Centrosymmetric potential, use spherical
polar coordinates to formulate the

15[ (r,&,¢)]+ 19 (gno r0¢]
h? 29 82

or r smeaek 00
2m, . 1 ZW(r,9,¢) 4rs,r
r’sin"@ ¢’

y(r.0,4)=Ey(r,6,4)

Hydrogen Atom:
Solving the Schrédinger Equation

Separation of variables- since U(r) does not depend on the
angles:

w(r.0,4)=R(r)0(6)2(¢)
Solution of the Schrodinger equation greatly simplified:

2

—;:; @(0)!D(¢)%[r2 d:(rr)}%R(r)f?@(a)cp(m-@(a)q)(gf)[ ¢ }R(r):ER(r)@(&)d)@)

2m,r Are,r

-

Know that i?0(6)®(p)=1"1(1+1)©(6) d(4)

can remove angular dependence
from the Schrodinger equa
2
b d| L R() [ [y €
2m,dr| dr 2m,r* Azl

10%8 V)i

R(r)=ER(r)

Effective potential, centrifugal + Coulomb

4/12/2016
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Hydrogen Atom: Eigenva
Eigenfunctions of Total

Energy- appears only in the radial equation (not an

m,e*
En :_W’ n=l,2,3,4,...
0

Bohr radius:

21n2
&h
2!

a,=0.529x10™""m
zm,e

a,=—

Energy taking Bohr radius into account:

e' _ 2179x10™J _ 13.60eV

87g,a,n’ n? n?

E =

lues and
Energy

gular)i 7% =
- — —_—

Classically
forbidden region

i ;'LI
(A

, n=1234,..

Hydrogen Atom:

Atomic Emission Spectra

Experimental frequencies of H atom emission spectra:

1
V= H(Einitial - Efinal)
m.e’
L =———— n=1234,..
8soh?n?
e4 1 1 n=3
= . .
| 880 h ninitial n final .
/J: memp 17_1_1 mee4
m,+m, c A 8s2h’c

Reduced mass Wave number

Lyman
sernes

Balmer =

n 1
k % Paschen
saries -

Piund series

=109,677.581 cm™

Rydberg constant

4/12/2016
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Hydrogen Atom:
Atomic Emission Spectra

Lyman series (n'=1,
UV band) .., .,

Lymanat

[-. n . N

0 9w o0 e 100 ns 1m0 1250
w thid

Balmer series

Paschen series (n” =3, IR band)
Brackett series (n" =4)
Pfund series (n"=5)

Humphreys series (n’ =6)

Hydrogen Atom: Eigenvalues and
Eigenfunctions of Total Energy

Eigenfunctions:

Vi (1.6.0) =Ra (D)(@(O) (), , = R (N (6:4)

radial  Spherical harmonics

Quantum numbers:

n=1 2,3,4,..
1=0,1 2 3 .., n-1
m =0, £1, +2, £3 ..., I

4/12/2016
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Hydrogen Atom: Orbitals

Eigenfunctions:

I=1 - p orbitals
I=2 —d orbitals

T Je oo o5 =3 —f orbitals

% =0 s orbital
N=2, 120, M =0y ()= (ij { ijeéaq _

n=21=1 m=0 yy,(r.6,4)= 1 [ij
3

n=21=1 m==%1 y,,(r,6,¢)=

=}
I
w

 1=2, M =0y (r.0,¢)= ! [i]( ]/%3(:059 1)

Degeneracy in energy levels: n?

Hydrogen Atom: Orbitals

To visualize orbitals- normalize the eigenfunctions and make linear
combinations

N[ y*(e)p(r)dr=1 N fsunedyfd¢fwn,m (RO,9) vpm (R O,4)=1

(r.0.¢)= 1 (i]%{ J *singsing
Vs, INZAPS
%
B O 3 O DL /5%
Wy, (1.6 ¢)74\/§[aﬂj [ao]e cos¢

1V r r
WS"‘(r'am:sl\/E ZGT[GE aé] /a“smacos¢

% A
Vs, (1,6,6) = 2 [i} [ﬁé—r—zje%aﬂsingsiw

mla) (2
%”‘(rﬂ'm_gl\/ﬁ g 6g a—g e 7> cosg

4/12/2016
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3D orbital contour plots

Hydrogen Atom: Orbitals

Radial wave function vs. r

--------------- 1=t 1> T
a 2 4 6 8 10 12 5 10 1 2
008 0.05
H3s _
u-:«:—_-( 0.4 /
004 3
3 003
0.02 = 3p ! 3d
E 0.02
2 ] ol | D
.02 3 5 P, 001
T
5 10 15 20
; Pesrgarnin Ciamm oaian:

JERJEO

2D orbital contour plots:
R(r) - n =1 -1 nodal surfaces

Y,™(0,0) — | nodal surfaces

R(r) Y™(0,6) —n —1 nodes
(same as in particle in the box and harmonic
oscillator)

o)

J/
E.‘l.

' = ":: e Fe i g
= E E 5
@0 - o g

Eo = H

.............. F 3 H

= = 2 g 8 8 2 e 2 g &
(]

4/12/2016
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Hydrogen Atom:
Radial Distribution Function

What is the probability of finding an electron at a particular value of r
regardless of @and ¢?

Integrate probability density i | 1
Vi (1. 6,4) r’sing dr do -

over all values of fand ¢

Radial distritution function

P, ()dr ={Td¢g[v,m' @.0)][v" (6.9)sin Hde}ranz, (r)dr =r°R2 (r)dr

Hydrogen Atom: The Validity of the
Shell Model

#

* Broad maxima rather than sharp boundaries
¢ Additional nodes and subsidiary maxima- manifestation
of wave behavior (standing waves and interference)

4/12/2016
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